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BULLETIN 


OF THE 


AMERICAN MATHEMATICAL SOCIETY 


THE INTERNATIONAL CONGRESS AT TORONTO* 


The seventh International Mathematical Congress was 
opened on Monday morning, August 11, 1924, in the Con- 
vocation Hall of the University of Toronto by Professor 
Ch. de la Vallée Poussin, President of the International 
Mathematical Union. Addresses of welcome were delivered 
by the Honorable H. S. Beland on behalf of the Govern- 
ment of the Dominion, and by Sir Robert Falconer, Pre- 
sident of the University of Toronto. At this session, Pro- 
fessor J.C. Fields was elected President of the Congress; 
Vice-Presidents were appointed for the sessions of the 
Congress, which were to be held in eight sections as 
follows: 

Section JI. Algebra, Theory of Numbers, Analysis. 

Section II. Geometry. 

Section III. (a) Mechanics, Mathematical Physics. 

Section III. (b) Astronomy, Geophysics. 

Section IV. (a) Electrical, Mechanical, Civil and 
Mining Engineering. 

Section IV. (b) Aeronautics, Naval Architecture, 
Ballistics, Radiotelegraphy. 

Section V. Statistics, Actuarial Science, Economics. 

Section VI. History, Philosophy, Didactics. 


* A report prepared for this Buttetrn by Arnold Dresden. 
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These Sections began their meetings on Monday after- 
noon, and continued every morning throughout the week, 
with the exception of Thursday which was set aside for 
an all day excursion to Niagara Falls. 

The afternoons and evenings were devoted to general 
lectures, and to social functions. The meetings of the 
British Association for the Advancement of Science which 
had started during the preceding week overlapped with 
the earlier sessions of the Congress, thus furnishing an 
opportunity for hearing many of the most eminent scientists 
in many fields. 

Not enough praise can be given to the Committee on 
Entertainment, to the officials of the Province of Ontario, of 
the City of Toronto, and of the University, and to the citizens 
of Toronto, who provided lavish opportunity for social inter- 
course in the form of garden parties, a conversazione in 
Hart House, an excursion around the City of Toronto, etc. 

On Saturday afternoon the Congress paid homage to 
the students of the University of Toronto who laid down 
their lives in the war. A wreath was placed in the newly 
erected Memorial Tower of the University; short addresses 
were made by Professor de la Vallée Poussin and by 
President Sir Robert Falconer; and it was announced that 
arrangements had been made for inserting in the wall of 
the Tower a medallion bearing the following inscription: 
“To the heroes of the University of Toronto, the members 
of the International Mathematical Congress, Toronto, 1924.” 

A special convocation of the University of Toronto was 
held on Wednesday afternoon. Honorary degrees were 
conferred upon Sir David Bruce, Sir Charles Parsons, Sir 
John Russell, Sir Ernest Rutherford of the British Asso- 
ciation for the advancement of Science, and upon Pro- 
fessors F. Severi, Ch. de la Vallée Poussin, V. Stekloff and 
G. Koenigs of the International Mathematical Congress. 

The general assembly of the International Mathematical 
Union took place on Friday morning. Of the six delegates 
elected by the American Section of the Union, Professors 
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Coble, Richardson, and Snyder were present.* Professor 
S. Pincherle, of the University of Bologna, was elected 
President of the Union for the ensuing quadrennium; Pro- 
fessors G. Koenigs and A. Demoulin were reelected as Secre- 
tary and Treasurer respectively. Professors G. A. Bliss, 
E. Phragmen, and H. Fehr were elected as Vice-Presidents 
in place of Professors Dickson, Larmor, and Volterra, 
whose terms expired, while Professors P. Appell and W. 
H. Young continue as Vice-Presidents. As Honorary Pre- 
sidents of the Union were elected Professors L. E. Dickson, 
J. C. Fields, H. Lamb, G. Mittag Leffler, Emile Picard, 
Ch. de la Vallée Poussin, and V. Volterra. 

A Committee on International Bibliography was appointed, 
consisting of Professors Archibald, Bortolotti, Fréchet, 
van der Woude, and W. H. Young. 

The following announcement was made by the American 
Section of the Union and received the endorsement of the 
delegations from Italy, Holland, Sweden, Denmark, Norway, 
and England. 

“The American Section of the International Mathema- 
tical Union has unanimously passed the following resolution 
and requests that it be transmitted to the International 
Research Council by the Executive Committee of the Inter- 
national Mathematical Union: 

“Resolved that the American Section of the International 
Mathematical Union requests the International Research 
Council to consider whether the time is ripe for the re- 
moval of the restrictions on membership now imposed by 
the rules of the Council. 

“The American Section also wishes to announce that it 
intends to present to the National Research Council of the 
United States resolutions requesting action in this direction.” 

The closing session of the Congress took place on Satur- 
day afternoon. 

Professor Synge, Secretary of the Congress, announced 


* See this BULLETIN, vol. 30 (1924), p. 377. 
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that 387 persons, representing 25 countries, had registered 
as members of the Congress, the distribution being as 
follows: Argentina 2, Belgium 7, Canada 67, Cuba 1, Czecho 
Slovakia 3, Denmark 3, France 26, Georgia 1, Great 
Britain 39, Holland 4, India 2, Ireland 3, Italy 11, Mexico 1, 
Norway 5, Poland 3, Portugal 2, Rumania 1, Russia 5, 
Spain 3, Sweden 3, Switzerland 4, Ukrania 1, United 
States 189, Yugo Slavia 1. 

A resolution was unanimously adopted stating that the 
Congress hears with pleasure that the Royal Irish Academy 
contemplates the publication of a collected edition of the 
works of Sir William Rowan Hamilton. 

Resolutions were also adopted expressing to the govern- 
ment of the Dominion, of the Province of Ontario, and of 
the City of Toronto, and to the many persons and organizations 
who had contributed to the success of the meeting the 
recognition and thanks of the Congress. 

The number of papers read at the meetings of the various 
Sections reached the enormous total of 235. In addition 
to these, the following 7 lectures were given before general 
sessions of the Congress: 


C. Stérmer, Modern Norwegian Researches on the Aurora 
Borealis. 

F. Severi, Géométrie algébrique. 

E. Cartan, La théorie des groupes et les recherches récentes 
de géométrie différentielle. 

W. H. Young, Some characteristic features of twentieth cen- 
tury pure mathematical research. 

L. E. Dickson, Outline of the theory to date of the arith- 
metics of algebras. 

S. Pincherle, Opérations fonctionnelles. 

M. Le Roux, Sur Vintégration des équations aux dérivées 
partielles par des intégrales définies. 

The following is a list, as nearly accurate as it has 
been possible to secure, of the papers presented at the 
sectional sessions. 
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Section I. W. Kapteyn, Expansion of functions in terms of 
Bernoullian functions; G. A. Bliss, The transformation of Clebsch in 
the calculus of variations; J. Ouspensky and B. Venkov, On some new 
class number relations; M. Plancherel, Sur les séries de fonctions 
orthogonales; P. A. MacMahon, Some recent developments in determinant 
theory; L. E. Dickson, Further development of the theory of arithmetics 
of algebras; G. Prasad, On the numerical solution of integral equations; 
0. E. Glenn, Differential combinants and associated parameters; J. A. 
Shohat (Jacques Chokhate), On the asymptotic properties of a certain 
class of Tchebycheff polynomials; B. A. Bernstein, Modular represen- 
tations of finite algebras; N. Gunter, Sur la résolution des systémes des 
équations Grad X = A Rot X = A; F.H. Murray, The asymptotic 
distribution of the characteristic numbers for the self-adjoint linear 
partial differential equations of the second order; J. F. Ritt, Elemen- 
tary functions and their inverses; Th. Varopoulos, Sur les valeurs ex- 
ceptionnelles des fonctions multiformes; L. Pomey, Les équations intégro- 
différentielles & plusieurs variables; 0. Ore, A new method in the theory 
of algebraic numbers; H. 8S. Vandiver, On the first case of Fermat's 
last theorem; R. Birkeland, On the solution of quintic equations; 
W. L. G. Williams, Formal modular invariants of forms in several 
variables; J. Wolff, On the sufficient conditions for analyticity; E. T. 
Bell, General class number relations whose degenerates involve indefinite 
forms; O.E. Glenn, The method of invariant elements in a modular 
jield; N. Kryloff, Sur quelques recherches dans le domaine de la théorie 
de Vinterpolation et des quadratures dites mécaniques; N. Kryloff and 
T. Tamarkine, Sur une formule d’interpolation; J. Touchard, Sur la 
théorie des différences; J. Touchard, Sur certaines équations fonctionelles ; 
J. I. Del Corrail, Meditations on trigonometry; A. Lévy, Sur le calcul 
des idéaux d’un corps du second degré; M. Petrovitch, Correspondance 
entre la fonction et la fraction décimale; L. E. Dickson, A new theory 
of linear transformations and pairs of bilinear forms; L. Pomey, 
La théorie des nombres; D. R. Curtiss, Rational processes for separating 
the real branches of a plane curve at a multiple point; T. R. Rose- 
brugh, A theorem on the moduli of substitutions involving products of 
variables themselves given by linear substitutions; N. Gunter, Sur un 
probléme fondamental de la hydrodynamique; E. Narishkina, On the 
analogs of Bernoullian numbers in quadratic fields; J. Drach, Sur 
“Vintégration logique” des équations différentielles de la géométrie et 
de la mécanique; L. Crelier, Sur les équations intégrales simples; 
E. Hille, On the zeros of functions defined by linear differential equations; 
R. Fueter, Some applications of the theory of functions to the theory of 
numbers; G. C. Evans, The Dirichlet problem for the general finitely 
connected open region; A. Razmadze, Sur quelques formules de la 
moyenne; G. A. Miller, Commutative conjugate cycles in subgroups of 
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the holomorph of an Abelian group; W. Sierpinski, Les ensembles bien 
définis non mesurables; V. Stekloff, Sur les problémes de représentation 
approchée des fonctions & Vaide des polynomes, du calcul approché des 
intégrales définies, du développement des fonctions en séries de poly- 
nomes et de Uinterpolation, considérés au point de vue des idées de 
Tchebychef’; J. C. Fields, A basis for the theory of ideals; B. Delaunay, 
Sur le nombre de représentations d’un nombre par une forme binaire 
cubique d’un discriminant négatif; R.L. Wilder, On a certain type 
of connected set which cuts the plane; J. 1. Hutchinson, On the roots 
of the Riemann zeta function; W. B. Ford, On determining the 
asymptotic developments of a given function; L. Tonelli, Sul calcolo 
delle variazioni; A. Razmadze, Sur les extrémales discontinues dans le 
calcul des variations; L.G. Du Pasquier, L’évolution du concept du 
nombre hypercomplexe entier; T. Andrade, Probléme proposé sur les 
équations fonctionnelles; 0. C. Hazlett, On the arithmetic of a general 
associative algebra; M. Kossler, A generalization of the theorems of 
Fabry and Szasz; M. Kravtschok, Note sur Vinterpolation généralisée. 


Section II. C. Servais, Sur les lignes asymptotiques; E. Cartan, 
Sur la déformation projective des surfaces; A. B. Coble, The behavior 
of the rational plane sextic and its related Cayley symmetroid under 
regular Cremona transformation; T. Bonnesen, Recherches géométriques 
sur le probléme isopérimétrique; J. H. Weaver, On a system of triangles 
related to a poristic system; J. A. Barrau, Conditions of intersection 
of flat spaces situated in a quadratic variety; F. Morley, The con- 
dition that the curves of a net have a common point; M. Fréchet, 
Expression la plus générale de la “distance” sur une droite; G. Fubini, 
Principles of projective differential geometry; A. R. Da Costa, L’en- 
seignement des mathématiques doit étre orienté pour Vétude de la rela- 
tivité; A. Naess, On a method of generalizing the vector products to 
Sm; A. Naess, Three theorems of analysis derived by the vector method 
as corollaries from a single proposition; F. D. Murnaghan, The gene- 
ralized Kronecker symbol; N. Delaunay, Sur les bases nouvelles de la 
théorie des systémes articulés; G. Tzitzeica, Un nouveau probléme sur 
les suites de Laplace; M. Fréchet, Sur une représentation paramétrique 
intrinséque de la courbe continue la plus générale; C.H. Sisam, On 
surfaces whose asymptotic curves are cubics; E. A. L. Merlin, Sur les 
réseaux asymptotiques; B. Delaunay, Sur la sphére vide; M. Janet, 
Sur les systémes linéaires d’hypersurfaces; G. Koenigs, Sur les mouve- 
ments & deux paramétres doublement décomposables; C. Servais, Sur la 
géométrie du tétraédre; N. B. MacLean, On certain surfaces related 
covariantly to a given ruled surface; L. A. Godeaux, Sur les involutions 
réguliéres dordre deux appartenant une surface irréguliére; C. T. 
Sullivan, The determination of all surfaces characterized by a redu- 
cible directrix quadric; A. Errera, Quelques remarques sur le probléme 
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des quatre couleurs; J. A. Kiesland, Quadratic flat - complexes in odd 
N-space and their singular spreads. Flat sphere transformation; J. L. 
Synge, Normals and curvatures of a curve in a Riemannian manifold; 
B. Bydzovsky, Contribution a la théorie de la sextique & huit points 
doubles; A. Torroje, Sur la représentation des espaces pluri-dimensionnels; 
M. W. Haskell, Curves autopolar with respect to a finite number of 
conics; D’A. W. Thompson, The repeating patterns of the regular poly- 
gons and their relation to the Archimedean bodies; A. H. Wheeler, New 
methods for constructing geometry models; L.D. Cummings, Cyclic 
systems of six points in a binary correspondence; W. van der Woude, 
On the finiteness of a system of invariants; M. Fréchet, Number of 
dimensions of an abstract set; A. Demoulin, La théorie des équations 
M et quelques unes de ses applications a la géométrie; C. Ricci, Con- 
tributo alla teoria delle varieta Riemanniane; E. Bortolotti, L’algebra 
geometrica ed i prodromi della geometria analytica in un manuscritto 
inedito de R. Bombelli; J. Pierpont, Non-euclidean geometry from 
a non-projective standpoint. 


Section I. 8S. Zaremba, Sur un groupe de transformations qui 
se présente en électrodynamique; W. F.G. Swann, A new deduction of 
the electromagnetic equations; P. Haag, Sur un probléme général de 
probabilités et ses diverses applications; C.V. Raman, Theory of the 
structure of liquid surfaces; E.W. Brown, The orbit of the eighth 
satellite of Jupiter; L. Silberstein, A finite world radius and some of 
its cosmological implications; S. Chapman, Steps towards a new theory 
of magnetic storms; R. H. Fowler, The equilibrium properties of gases 
at high (stellar) temperatures; C. Snow, Alternating current distri- 
bution in cylindrical conductors; A. W. Conway, On the quantisation 
of certain orbits; P. Haag, Sur Vapplication des méthodes du calcul 
tensoriel & la théorie des moindres carrés; G. Greenhill, The spinning 
top in two moves; G. Giorgi, The functional dependence of physical 
variables; A.C. Dixon, A rectangular plate, clamped at edges; J. Gian- 
francheschi, The perturbations in electrons’ orbits; H. M. Dadourian, 
On the fundamental principle of dynamics; S. J. Jacobsohn, Note on 
the force equation of electrodynamics; W.J. Humphreys, The effect 
of surface drag on surface winds; G.F.McEwen, Calculation of the 
velocity of vertical ocean currents in the San Diego region from 
the accompanying temperature reduction below “normal” values; 
A. H. 8. Gillson, The dynamical theory of tides in an ocean of varying 
depth; N. H. Heck, Velocity of sound in sea water; D. Buchanan, 
Asymptotic solutions in the problem of three bodies; J. Patterson, The 
theory of the anemometer; H.C. Plummer, Note on the reduction of 
parallax plates; P. Haag, Sur le probléme des séquences; L. V. King, 
On the direct numerical calculation of elliptic functions and integrals; 
D. Wrinch, A subject in hydrodynamics; S. Chapman, The electrostatic 
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potential energy of crystals of the calcite type; A.W. Conway, The 
mathematical work of Sir W. R. Hamilton; G. A. Campbell, A system 
of “definitive units” proposed for universal use; A. Bezikovitch, 
Uber relative Maxima des Newtonschen Potentials; C. de Losada Y Puga, 
A short contribution to the kinetic theory of gases; R. Risser, Note au 
sujet des ondes d’émersion; V.Kostitzin, Sur une application des équations 
intégrales au probléme dhysterésis magnétique; J. G. Gray, Gyroscopic 
tops; A. S. Eddington, Absolute rotation; E. Cartan, La stabilité ordi- 
naire des ellipsoides de Jacobi; V. Stekloff, Sur les recherches posthumes 
de Liapounoff sur les figures d’équilibre d’une liquide hétérogéne en 
rotation; C. E. St. John, The red shift of the solar lines and relativity; 
H. C. Levinson, The gravitational field of n moving particles in the 
theory of relativity; L. Silberstein, Modern photographic theory; 
J. Andrade, Chronométrie: Probléme actuel des horloges élastiques; 
J. Andrade, Balances spirales: Frictions hydrostatiques et viscosités; 
Da Costa Lobo, Nouvelles théories physiques: application a l'astronomie; 
V. Bjerknes, Solved and unsolved problems in dynamical meteorology; 
N. Shaw, The convective energy of saturated air in natural environment; 
W. F. G. Swann, A generalization of electro-dynamics consistent with 
restricted relativity and affording an explanation of the earth’s magnetic 
and gravitational fields, and the maintenance of the earth's charge; 
H. L. Vanderlinden, The gravitational field of an electrical sphere with 
a variable density of matter; L. A. Bauer, The mathematical analysis 
of the earth’s magnetic field; J. Drach, Sur le mouvement d’un solide 
pesant qui a un point fixe; J. Chazy, Sur l’arrivée dans le systéme 
solaire d’un astre étranger; J. B. Pomey, Sur la nature des grandeurs 
électriques considérées en électrostatique; Barre, Sur la propagation 
des ondes planes dans les milieux élastiques anisotropes; H. Castro-Borél, 
Sur quelques méthodes graphiques pour la détermination de la position 
géographique d’un dirigeable. 


Section IV. S. D. Carothers, On the application of the principle 
of the elastic equivalence of statically equipollent loads to engin- 
eering problems; A. P.M. Fleming and R. W. Bailey, Mathematics in 
industrial research; G. A. Campbell, Mathematics in industrial 
research; J. R. Carson, A generalization of Rayleigh’s reciprocal 
theorem; E. Schou, Sur quelques recherches aérodynamiques faites en 
Danemark avant 1900; Marchis, Development of aeronautics in France; 
J. B. Henderson, The oscillations of a gyroscopic compass comprising 
two gyroscopes; A. Ferrier, The duration and length of run required 
by a seaplane in taking off; C. F. Jenkin, What the engineer expects 
of the mathematician; J. B. Henderson, Mathematics for students of 
engineering; J.B. Pomey, Sur les nouveaux appareils multiplex de 
télégraphie; U. Puppini, Azioni sismiche sussultorie tra montanti verti- 
cali incastrati alla base con carichi e vincoli elastici all’estremo 
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superiore; E.R. Hedrick, Effects of variations in Hooke’s law on im- 
pact, the theory of beams, and elasticity; H. B. Dwight, A new formula 
Sor use in calculating repulsion of coaxial coils; T. R. Rosebrugh, 
Calculation of long transmission systems; J. A. L. Waddell, Mathe- 
matics from a consulting engineer's viewpoint; Charbonnier, Sur la 
balistique extérieure; V. Bjerknes, On the forces which lift aeroplanes; 
W. H. Roever, Derivation of the differential equations of motion of 
a projectile regarded as a particle; F.R. W. Hunt, The choice of in- 
dependent variable in the calculation of trajectories by small arcs; 
T. R. Wilkins, A method of computation for sound ranging data; 
H.C. Plummer, Design in gun construction; W. F. Gerhardt, New 
aerodynamical conceptions and formulae; G. W. 0. Howe, A new theory 
of long distance radio communication; N. Yamaga, On the equilibrium 
of gases in the reaction of explosives; G. Puppini, Principe de réci- 
procité dans les sciences appliquées; S. D. Carothers, Test loads on 
foundations as affected by scale of tested area; T. R. Rosebrugh, The 
binary linear substitution of modulus unity in problems of general 
dynamics, acoustics and electricity; E.G. Coker, The teaching of the 
elementary theory of elasticity to engineering students; R. W. Angus, 
Arithmetic solution of engineering problems; A. Boyajian, Physical 
interpretation of complex angles and of their trigonometric functions; 
A. E. Kennelly, Hyperbolic- function series of integral numbers and 
the occasions for their presentation in electrical engineering; R. M. Foster, 
Two-mesh electric circuits realizing any specified driving-point impe- 
dance; A. F. Samsioe, Berechnung der Airyschen Spannungsfunktion 
Siir rechteckige Scheiben; C. Parsons, Physics and engineering; 
B. P. Haigh and A. Beale, Resonant vibration in steel bridges; 
L. J. Briggs, Research in mechanics and sound at the Bureau of 
Standards; P. Cormack, The use of exponentials in the analysis of 
machine motions; L. Breguet, Sur Vaviation; M. Montoriel, Sur les 
récents perfectionnements apportés a& Vappareil Baudot; Lesaffre, 
Appareils Baudot présentés a Vexposition de physique et de T.S. F.; 
J. G. Gray, Gyroscopic stabilizers; T.C. Fry, The use of mechanical 
integration in the practical solution of differential equations by 
Picard’s method of successive approximation; W.J. Berry, The in- 
Sluence of mathematics on the development of naval architecture; 
L. Woollard, The teaching of mathematics to students of naval archi- 
tecture; A. Planiol, Sur les pertes par frottements dans les moteurs 
a explosion; J. Larmor, On the cones of steady compression for flying 
bullets. 

Section V. M. Fréchet, On a general formula for the computation 
of net premiums; R. Henderson, Some points in the general theory of 


graduation; G.U. Yule, Some life-table approximations; G.F. McEwen, 
A method of estimating the significance of the difference between two 
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averages by means of Bayes’ theorem on the probability of pro- 
portions; W.P. Elderton, Mathematical law of mortality; a suggestion; 
L. E. Phragmen, Sur une méthode d’évaluer les intégrales de proba- 
bilité; A.W. Whitney, <ctuarial science in the field of workmen’s 
compensation insurance; particularly the mathematics of schedule- 
rating and experience-rating; W. F. Willcox, Estimates of population 
in the United States; J. W. Glover, Quadrature formulas when ordi- 
nates are not equidistant; W.F. Sheppard, Interpolation with least 
square of error; H.L. Rietz, On a certain law of probability of 
Laplace; J. F. Steffensen, On a class of quadrature formulas; 
P. R. Rider, A generalized law of error; A. L. Bowley, Use of mathe- 
matics in economic, social and public statistics; A. Fisher, Application 
of frequency curves to the construction of mortality tables; L. March, 
De Verreur probable dans le calcul des moyennes; C. Gini, Alcune 
richerche sulla “fecondabilita” della donna; H. H. Wolfenden, On the 
development of formulae for graduation by linear compounding with 
special reference to the work of Erastus L.de Forest; L. J. Reed, 
Correlations between climatic factors and death rates; R.H. Coats and 
M. C. Maclean, Jottings from the Canadian census; R. A. Fisher, On 
a distribution yielding the error functions of several well known 
statistics; E. C. Molina, A formula for the solution of some problems 
in sampling; G.F. McEwen, Note on a short method of computing 
terms and sums of terms of the asymmetrical binomial. 


Section VI. E. Bortolotti, La memoria “De infinitis hyperbolis” 
di Torricelli; F. Cajori, Past struggles between symbolists and rheto- 
ricians in mathematics; L. C. Karpinski, The colonial American arith- 
metic; C.J. Keyser, The doctrinal function: Its role in mathematics 
and general thought; A. Korzybski, Time-binding: The general theory; 
F. Cajori, Uniformity of mathematical notations —a retrospect and 
prospect; G. A. Miller, History of several fundamental mathematical 
concepts; J.H. Rogers, Vilfredo Pareto; L. G. Du Pasquier, Unification 
of arithmetical terminology; J. Andrade, Modéles de mouvements 
pour Véducation géométrique; L. Crelier, Observations pratiques de 
méthodologie; J. Vasconcellos, Sur quelques points de Vhistoire des 
mathématiques des Egyptiens et aussi sur les Siddhautas des Indiens; 
H. Fehr, L’université et la préparation des professeurs de mathématiques. 
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A THEOREM ON SIMPLE ALGEBRAS* 


BY J. H. M. WEDDERBURN 


In a previous paper? I showed that every simple algebra A 
can be expressed as the direct product of a division al- 
gebra D and a simple matric algebra M = (epg); the 
object of this note is to show that this expression is unique, 
that is, 7f A= D,x M, = D.x Ms, where D, and Dz are 
division algebras and M, and M, are simple matric algebras, 
then D, and M, are simply isomorphict with D, and Mz 
respectively. 

Let 6, and 6, be the orders of D, and D., and let e 
and e, be primitive idempotent elements of M, and VU, 
respectively. If e, and e, are supplementary or equal, then§ 


~ Ae, ~ €2 Aes Ds; 


M, and Mz are then of the same order and are therefore 
simply isomorphic. We shall therefore suppose that e, + es 
and, say, ee. + 0. 

Assume in the first place that « — ee, is not nilpotent; 
there then exists a rational polynomial 


which is an idempotent element of the algebra X generated 
by x. Now ea — x; therefore, since every element of X 
has the form xf(x), f(x) a polynomial in x, it follows that 
and 

so that ye, < e,Ae,; also ye, + 0 since yay = y* = y + 0; 
hence ye,, being idempotent, equals e,. In the same way 


* Presented to the Society, May 3, 1924. 

7 PRocreEDINGs oF THE Lonpon Soctety, (2), vol. 6 (1907), p. 99. 

t Simple isomorphism will be denoted by ~. 

§ See L. E. Dickson, Algebras and Their Arithmetics, Chicago, 1923, 
pp. 74, 77. 


= 
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it follows that ey —e, and ye,—y. Also, if we set 
Yo = Y—41y Yor = Y— ee, 

= = 0, = 0, Yort2 = Yor, 
and, since e, + és, one Of Yor iS not zero, say 


We shall now show that y is primitive in A. Since 
ey = y, every element of yAy has the form* 


w= dyer tdest---, dy < Di; ey < M). 


If w is idempotent, this gives d,, — a, the modulus of A, so 
that, if w is primitive, y—w lacks the term in e,, and, being 
therefore nilpotent, must equal 0 since (y—w)? = y—w. 
Hence y is primitive and we may sett A — DxM where 
M is a simple matric algebra which contains y and D is 
a division algebra simply isomorphic with yAy. 

Now, since ye, = &, 


De, Dye; — yAye, ye, Ae yey Ae; = Dye, 


also 

Dye, = Ae, = eyAye, = yAye, = Dye = De; 
hence De, = D,e, and therefore D~ D,. Similarly D~ D,; 
hence D, ~ Dz and, as before, also M, ~ My. 

Suppose in the second place that ee: is nilpotent; then 
(€,€2€,)” = (e,e2)"e; is also nilpotent and, as e, Ae, is a division 
algebra, it follows that e,e.e, — 0; hence (ee,)? and 
so, by a repetition of the same argument, e.ce.— 0. If 
now we set y = e2¢,, then 


ey =0= yer, yay = y= y- 

As before we must show that y is primitive. If y=y+ ye 
where y, and y2 are supplementary idempotent elements, then 
O = = 

so that 


and similarly 


* See Dickson, loc. cit. 
7 See Dickson, loc. cit. 


= 
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From ye = y = We have therefore 
= YY = AYi— 
so that y,, and similarly 


= Yo, Y2ays = Yo: — = 
Now, if 2 = Z = then 

and similarly 22—z,, z,z,=0. Also z,+0 unless y, —0 
since 

and similarly +0 unless 0. But z, and if not 
zero, are supplementary idempotent elements in e,Ae, where- 
as é, is primitive; hence one of them is zero, that is, y is 
primitive. 

We may now, as before, set A = Dx M where D~yAy 
is a division algebra and M is a simple matric algebra 
containing y. Remembering that eye: = e, we then have 

= eyAye, > eye, = e, Ae, = Dye, 
also 
Dye, = e, Ae, =e yAye = Dye; 
hence Die, = e,Dye,. If d and d’ are any elements of 
D, we therefore have 


e,dye, = dex, ed ye, = die;, (d,, di < D,) 


and hence 
d')ye, (d,+ dpe, 

d,die, = e,dyed'ye, = edyeyd'e, = edyd’e, = e,dd’ye,, 
and, since e, = eye, it follows that D~D, and therefore 
M=M,. Finally, since ey = 0 = yes, e. and y are supple- 
mentary and hence D,~e,Aes~yAy2%D2D,, from which, 
as before, M,~M,. The proof of the theorem is therefore 
complete. 


Princeton UNIVERSITY 
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NOTE ON A CLASS OF HARMONIC FUNCTIONS 


BY G. C. EVANS 


1. Introduction. Let S be a multiply-connected open 
region, bounded by an exterior circle s) and m interior 
circles s,---, 8, not touching, and let «(P) be harmonic, 
not necessarily bounded, in S. The author has shown that 
a necessary and sufficient condition that u(P) be given as 
the sum of logarithmic terms and Poisson-Stieltjes inte- 
grals around the several boundaries is that the integrals 
§?*|u\de;, extended around circles concentric with each 
boundary circle, remain bounded in the neighborhood of 
each boundary circle. He has shown also that a necessary 
and sufficient condition that «(P) be given by the corre- 
sponding Stieltjes integral generalization of the formula in 
terms of the normal derivative of the Green’s function is 
that lular remain bounded, where the integration is ex- 
tended over the whole of a variable curve g = const., 
with g the Green’s function and h its conjugate, referred 
to some fixed pole Q. Finally the author has shown that 
a necessary and sufficient condition for the latter formula 
is that u(P) be the difference of two functions harmonic 
and not-negative in S.* It is desired to show that this 
condition is also necessary and sufficient for the former 
mode of representation, so that the two forms of repre- 
sentation apply to the same class of functions. That the 
condition is necessary follows at once from the mode of 
representation. It is only the sufficiency that requires proof. 


2. Lemma lI. Let S be a simply-connected open region, 
bounded internally or externally by a circle s, of radius 


* The Dirichlet problem for the general open finitely-connected region, 
PROCEEDINGS OF THE INTERNATIONAL CONGRESS AT TORONTO (1924). 
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Ro, and let u(P) be the difference of two not-negative 
harmonic functions u'(P), u”(P) in an annular neighborhood 
in of the boundary %. Then is bounded for 
the circles of that neighborhood concentric with %. 

For convenience let S, be an interior region. Let s’, 
of radius 7’, be a fixed circle in the annular neighborhood 
and let s be a circle of radius r, r’<r< Ro, all these 
circles having the same center 0. The lemma follows im- 
mediately from Bécher’s device, evaluating the surface 
integral of (1/r)du/aér. In fact, by integrating this ex- 
pression in «’ over the annular region between s’ and s, 
and equating its two evaluations as an iterated integral, 
we have the equation 


( was) == ( + a, logr—a,logr’, 
0 r 0 r 


where @, is a constant. Hence 


wao = dé 


is bounded. Similarly {|x”|d@ is bounded, and therefore 
f |u|d@ is bounded. 


3. Lemma II. In the open region S of § 1, let u(P) be 
the difference of two functions u’(P), u”(P), harmonic and 
not-negative in S. Then u(P) is the sum of m+ 1 functions 
wi(P), each harmonic except for possible logarithmic sin- 
gularities at infinity, in the simply-connected open region 
S; bounded by s;, and each satisfying in its region S; the 
conditions of Lemma 1. 

The first part of this lemma is proved by Osgood.* The 
last part follows immediately by writing, in the neigh- 
borhood of s;,u(P) as the difference u(P)—7u(P) where 


= u(P), 


the summation not including 7 =. 


* Osgood, Lehrbuch der Funktionentheorie, Leipzig and Berlin, 1912, 
pp. 642-644. 


= 
= 
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4. Proof of the Theorem. The statement § 1 can now 
be proved. In fact, if the hypothesis of Lemma 2 holds, 
f |u:|d0; is bounded for circles concentric with s; in the 
annular neighborhood in S of s, by Lemmail. The same 
is true tor j +i, since uj(P) is harmonic on 5; itself 
if 7 is unequal to 2. But 


n 
fiuian< f wiao. 
j=0 


Hence the condition of the first cited theorem of § 1 is 
satisfied. This is what was to be proved. 


4. Conclusion. If we make a conformal transformation 
of S into a general open region 7 of the same connectivity, 
without isolated point boundaries, the Toronto memoir 
already cited shows that the condition that w(P) be the differ- 
ence of two not-negative harmonic functions is necessary 
and sufficient that u(P) be given by a generalized Stieltjes 
integral in terms of the conjugate to the Green’s function 
for 7’ on the ordered boundary points of 7. But if we 
make conformal transformations of each S; into the corre- 
sponding simply-connected region 7;, we obtain a repre- 
sentation of u as the sum of terms u; where each 4%; is 
the sum of a possible logarithmic term and a generalized 
Stieltjes integral on the frontier points of 7;, expressed 
in terms of the conjugate to the Green’s function for 7;. 
And from what we have proved:in § 3, it follows that 
this representation applies to precisely the same class of 
harmonic functions as the other. The Dirichlet problem 
is a special case of the problem here discussed. 

The connection between the two forms of representation 
of u(P) is giver by integral equations which are worth 
study on their own account. 


Tae Rice InstrruTEe 
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THREE THEOREMS 
ON NORMAL ORTHOGONAL SETS 


BY M. H. STONE 


The three theorems which we desire to record here may 
be of some interest, in spite of their simplicity. So far as 
the author knows, they have not appeared in the literature. 
On the other hand, the corollaries appended are to be 
found in the journals cited in the footnotes, but were there 
obtained in different fashion. Throughout our work we 
shall assume on the part of the reader some familiarity 
with the theorem of Riesz-Fischer and with convergence 
in the mean.* All functions considered are understood to 
be real functions defined on the interval (a, 6). They are 
to be summable with summable square in the Lebesgue 
sense on this interval. The first result is embodied in the 
following theorem. 

THEOREM I. A necessary and sufficient condition that every 
pair of functions f,, fz having identical Fourier coefficients 
with respect to a normal orthogonal set {ux} should have 
identical coefficients with respect to a second set {vg} is that 
the formal series for each function of the set {vx} in terms 
of {ux} should converge in the mean to that function. 


The condition is necessary. We write 


b 
if = Cik, 
a 


so that the formal series for 1; is Sy21cxux. Suppose that 
for some fixed i the series does not converge in the mean 


* Plancherel, RENDICONTI DI PALERMO, vol. 30 (1910), pp. 289-335, 
especially pp. 290-297. See also Riesz, GérTiIncER NACHRICHTEN, 
1907, p. 117. 


2 


18 M. H. STONE [ Jan.-Feb., 
to v;; that is, that : 


By the Riesz-Fischer theorem, the series converges in the 
mean to a second function v7 for which we have 


= CK 
a 
for all k. Now 


K 
lim > cn us} 0 
« k=1 


as we see by the use of Schwarz’s inequality. In other 


words 
b 
viu = > ce +f, Vidi. 
a k=1 a 


The functions 1; and vj have identical coefficients with 
respect to {ux} but different coefficients with respect to 
the set {vx}. This contradicts the hypothesis, and there- 
fore shows the necessity of the condition. 

The condition is sufficient. We write Uk Uk = Ax. 
We use the Schwarz inequality to prove that 


K 
lim fili—_D emus) = 0, 
a k==1 


K-20 
b K 
lin > = 0. 
Ja k=1 


It follows that fhe = DE This com- 
pletes the proof of Theorem I. 
We shall next prove the following theorem. 


THEOREM II. A necessary and sufficient condition that the 
formal Fourier series associated with 
an arbitrary function f should converge in the mean to the 
same function f* is that the formal series for each function 
of the set {vx} in terms of the set {ux} should converge in 
the mean to that function and vice versa. 
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The condition is necessary. This fact appears as obvious 
as soon as we set f= um, f= ux, (k = 1, 2, ---, 

The condition is sufficient. The series >j7:axux con- 
verges in the mean to a function the series 
to a function f2°, by the theorem of Riesz-Fischer. We 
now appeal to Theorem I to show that 


b b 
sus =f fous, (k = 1, 2, ---, 00). 
a a a 


Since f, fs" have identical coefficients with respect to {vx}, 
they also have identical coefficients with respect to {uf 
by Theorem I. The equalities above then result. In the 
same manner we show that 


b b b 
fu = =| k= 1, 2,-+-, 0). 


Next, from Bessel’s inequality, we obtain 
Su, Se 


The inequalities are therefore impossible. We see that either 
of the two series converges in the 
mean to each of the two functions f\*, fo. The two functions 
are therefore the same, in the sense that they can differ 
at most on a set of zero measure. This completes the 
proof of Theorem II. 

The two corollaries which we shall now discuss are 
to be found in the literature. 

CoroLuary I.* A necessary and sufficient condition that 
a normal orthogonal set {ux} be closed is that the formal 
series for each function of an arbitrary closed normal 
orthogonal set {vz} in terms of {ux} converge in the mean 
to that function. 

In order that { ux} be a closed set, it is necessary and 
sufficient that every function represented by the convergence 


* Lauricella, RENDICONTI DEI LincEI, (5), vol. 21 (1912), pp. 675-85. 
2° 
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in the mean of its formal series in terms of the closed 
set {xx} be so represented in terms of {ux}. Theorem II 
then gives us the last link in the proof. 


CoroLuary II.* Let {®,} be a set of functions such that 
the system of equations [26@, = 0, k = 1, 2, ---, ©, implies 
that the function @ is identically zero except possibly on 
a set of zero measure. Then a necessary and sufficient 
condition that a normal orthogonal set {ux} be closed is 
that the formal series for each function of the set {®,} in 
terms of {ux} converge in the mean to that function. 

By Schmidt’s process of normalization and orthogonal- 
ization we form from the set {®,} a closed normal orthogonal 
set {vg}. Each function of {vx} is a linear combination 
with constant coefficients of a finite set of functions of 
{@,}, and conversely. We recall that series which can 
be summed in the sense that they converge in the mean 
can be added term by term. By using Corollary I in 
conjunction with this fact we complete our demonstration. 

Of particular interest under the second corollary is the 
special case obtained by setting ®, a*—1, k = 1, 2, ---, 
For further remarks on these two corollaries we refer to 
the papers already mentioned. 

A theorem very similar to Theorem II follows. 


THEOREM III. A necessary and sufficient condition that the 
difference of the two formal series 
associated with an arbitrary function f should converge in 
the mean to zero, is that the formal series for each function 
of {vx} in terms of {ux} converge in the mean to that function, 
and vice versa. ~ 

The condition is necessary. We can see this fact readily 
by putting f= ux, f= ux, (k = 1, 2,---, @). 

The condition is sufficient. We know by Theorem II 
that the two series converge in the mean to the same 


* Severini, RENDICONTI DI PALERMO, vol. 36 (1913), pp. 177-202, 
especially pp. 194-95. 


1925.] EQUATIONS OF INVOLUTION 21 


function f*. Hence their difference converges in the 
mean to zero. 

This last theorem may be looked upon as giving a 
necessary and sufficient condition that two normal orthogonal 
sets {ux}, {vx} be equivalent in the sense that the formal 
series for an arbitrary function in terms of them always 
converge in the mean to the same function. 


New York City 


ON THE COMPLETE INDEPENDENCE OF THE 
FUNCTIONAL EQUATIONS OF INVOLUTION* 


BY C. C. MAC DUFFEE 


1. Introduction. The three fundamental theorems or 
“laws” of involution are commonly written 


I = TI = a™, II 


In §2 of this paper these equations are abstractly formulated 
as functional equations. In §3 it is proved that any function 
satisfying Equations I and II also satisfies III, provided 
certain underlying conditions A and B are fulfilled. 

In § 4 a number system % is introduced whose elements 
are the numbers [§,r] where £ and r are real numbers. 
Two operations, addition and multiplication, are introduced, 
and it is shown that these operations obey all the ordinary 
laws of algebra except the associative law of addition. 
This number system % is then used in the discussion of 
the complete independencet of Equations I, IJ and III. 


* Presented to the Society, April 28, 1923. 

+ Consider » conditions. There are conceptually 2" distinct cases 
to be considered according as Condition 1 holds or does not hold, 
Condition 2 holds or does not hold, ---, Condition » holds or does not 
hold. If none of these 2" cases is empty, the » conditions are said to 
be completely independent. Cf. E. H. Moore, THe New HAvEN 
MATHEMATICAL CoLLoguium, (Yale University Press, 1910), pp. 81, 82. 
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Subject to the conditions of § 2 the functional equations 
are not completely independent, for I and II imply IU. 
However, the remaining 7 cases are non-empty, for in §5 
of this paper 7 functions are defined which obey the con- 
ditions of § 2, each fulfilling one of these 7 cases. 

The writer wishes to acknowledge his indebtedness to 
Professor E. H. Moore of the University of Chicago and 
to Professor E. V. Huntington of Harvard University for 
suggestions and criticisms. 


2. A General Formulation of the Functional Equations. 
Consider a system = composed of the following terms: 

(1) Two classes C, C’ whose elements will be denoted 
respectively by ¢, 

(2) Three single-valued functions* or operations: 


xon CC to C, on C’C’to C’, +’ on C'C’ to C’. 


(3) A single-valued function gy on CC’ to C. 
We assume that the following underlying conditions are 
satisfied: 

A. The right-hand distributive law holds for C’, namely 


(i +’) = (A's) 
for every ci, C3, C3. 
B. There is an element c of C such that for every c 
there is a c’ such that c= («, c’). 


We now consider the following postulates in connection 
with system =: 


I. gle, &) = gle, 
IL. cd), 2) = gle, 1x’), 


It is understood that these relations hold for all values 
of the arguments. 
As an example of a system = in which Conditions A 


*Thus for example, if are two elements of C, X cs) oF 
denotes a definite element c; of C. 
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and B and all three postulates are satisfied, we may identify 
the class C with the class of all real numbers >1, C’ with 
the class of all pumbers >0, x and x’ with the ordinary 
operation of multiplication, +-’ with ordinary addition, and 
y(,c’) with the power function 


3. THEOREM. If system = satisfies Conditions A and B; 
and ¢ satisfies Postulates I and Il, then ¢ also satisfies 
Postulate Til. 

Suppose that c) is the element cy of Condition B, and 
that c, and ¢c are any two elements of C. Then by Con- 
dition B elements ci and c) exist so that 


(1) C1 = (Co, ci), C2 = 
Therefore we have 
= 9(y(co, ci +c), c), (1), 
= (ci+'c)x’e), (II), 
= (A), 
= 9(co, &x'e), (D, 
= (Co, ci), (co, &), ¢’), (ID), 
= (1), 


which is precisely Postulate ITI. 


4. An Algebra Whose Elements are Pairs of Real Numbers. 
Consider the. class of all “numbers” or number pairs of 
the type [&,7] where § and ry are real numbers. The equality 


= [82,72] 


implies that 7; rz, and unless 7, =r, — 0 it also implies 
that §,— &,. The number [&, 0] is supposed to be independent 
of § and will be called zero. 

When 7,7r2+0, addition of two such number pairs is 
defined by the identity 


where rz; and & are defined by the relations 


— 
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r3sin &, = r,sin&, +72 sin 2, 
r3cosé, = 1, cos&, + 
2 
When either 7, or v2 or both are zero, addition is defined 
by the relations 


The sum always exists uniquely. 
The operation of multiplication is defined by the identity 


(5,71) 72] = [81 + $2,172). 


The product always exists uniquely. 

The algebra of such number pairs subject to the operations 
of addition and multiplication as defined above we shall 
call the algebra %. It is evident that both addition and 
multiplication in 9% are commutative, for the identities 
which define these operations are symmetric in &,,7; and 
&2,72. It may be shown directly that multiplication is 
associative and distributive with respect to addition. It 
is worthy of note however that addition is not always 
associative. This fact is sufficient to show that M is not 
isomorphic with any linear algebra. 


5. Concerning the Complete Independence of the Postulates. 
In connection with three conditions 1, 2, 3 there are con- 
ceptually eight distinct cases to be considered, each case 
being defined by the holding or non-holding of each con- 
dition. If none of these cases is empty, the three con- 
ditions are completely independent. We wish to consider 
the complete independence of Postulates I, II, Il of § 2 
in a system = with Conditions A and B holding. To settle 
this question completely we must consider eight cases, and 
the existence of eight functions yy, where 7 is 1 or 0 ac- 
cording as the function ix satisfies or does not satisfy I, 
j is 1 or O according as it satisfies or does not satisfy I, 
and k is 1 or O according as it satisfies or does not satis- 
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fy I. In view of the theorem of §3 no function 910 
can exist, for every function g in = satisfying A, B, I 
and II must necessarily satisfy II. We show that no 
further dependence theorems are possible by exhibiting 
examples of functions in each of the remaining seven cases. 

In each of the following examples we shall use % as 
the class C’, and % or a subclass of % which is closed 
under the x-operation as the class C. We shall denote by 
C, the subclass of 3% composed of all numbers [§, 7] for 
which r>0; by C, the subclass of N for which § — 0 
and r>0; by C; the subclass for which r — 1; and by 
C, the subclass composed of zero and all the other numbers 
of % for which §>0. Evidently all four of these sub- 
classes are closed under the x-operation. 

By considering in connection with C and C’ a single- 
valued function yx, we have a system =. Moreover, since 
the distributive law holds for MN, Condition A is satisfied. 
It will be necessary to verify Condition B for each case, 
to show that p] = 7], [7, 5]) is independent of 
nm if s = 0, and then investigate whether each of the 
three postulates I, II, Ill is or is not satisfied by gx for 
all values of its arguments. 


Case 111. In addition to the example given in § 2, we 
may mention the function 


$111 ([&, 7), [n, s]) = 
on C,C’ to C, where 


= s§cosy+ssinylogr, log p = s cos log r sin 7. 


If we choose [0,e] to be the element « of Condition B, 
we find that we may choose as c’ any element [y, s] de- 
fined by the relations s sin 7 — ¢, scos7 = log p. Hence 
c’ always exists in C’ for every element [£, p] in C,. 

When s — 0, [f, p] = [0,1] is independent of 7. It 
may be shown by a direct calculation that ,;; satisfies 
Postulates I, II and IJ. In fact, this function corresponds 
to the power function of complex variable theory. The 
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latter however has a denumerable infinity of values, where- 
as the function 9,,, on C,C’ to C, is single-valued. 
Case 011. The function ¢;, on C3C’ to Cy is defined 
by the identity 
Fou ([0, (7, s}) = = [0, 
If we take c = [0,e], then c’ = [n, logp] where 7 is 
arbitrary. 


Case 101. The function 99; on C,C’ to‘C, is defined 
by the identity 


$101 ([&, r], = (6, p] = [s¥ cos 7+ sin log r, 
If c = [0,e], then c’ is any element [7, s] such that 
ssiny = ¢, s cos = log p. 
Case 110 is empty in view of the theorem of § 3. 
Case 001. The function ¢oo, on C3C’ to Cy is defined as 
Foor 1), = 1] = 1]. 
If c = [1, 1], then c’ is any element [n, s] such that 7s = C. 
Case 010. The function ¢o19 on C,C’ to C, is defined as 
(LE, 7], s]) = (6, p] = rs]. 
If c = 1], then ce’ = flog p]. 
Case 100. The function 9,9) on C,C’ to C, is defined as 
7], 7, = p] = [s sin 0°87]. 
If c = [1,e], then c’ is any element [7, s] defined by 
ssiny = ¢, cos = log p. 
Case 000. For the function ¢o99 on NC to N, we may take 
Pooo(lF, 7}, 8]) = p] = 
Let be any convenient element of Then c’ p]. 


Thus the problem of the complete independence of these 
postulates is completely solved, subject to the mild re- 
strictions of Conditions A and B. It is found that I and 
Il jointly imply Ill, and no other dependence relations exist. 
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THE FREQUENCY LAW OF A FUNCTION OF 
ONE VARIABLE* 


BY E. L. DODD 


1. Introduction. If the probalility that a variable X will 
take on a value not greater than x is 


D(x) 9a) de, 


then @(x) is the cumulative frequency law, “Verteilung”, 
for X; whereas the frequency law is ®’(x), which is equal 
to (x) at a point of continuity of g(x). Two closely related 
problems will be treated in this paper: 

(1) Given the frequency law (x) for a variable X, to find 
the frequency law y(y) for a function Y of X; 

(2) Given g(x) and wy), to find Y. 

Under (1), where Y = /(X) is given as a continuous in- 
creasing function, no special difficulty arises.t When, how- 
ever, f(X) has an infinitely multiple-valued inverse g(Y), 
the expression naturally assignable to w(y) will not be 
valid without restriction. 

Two real functions g(x) and f(x) will be introduced 
defined for all real values of x. In case a given g(x) or 
f(a) is undefined outside a finite interval, the value zero 
may be assigned to it outside this interval. 

As the foregoing problems belong essentially to general 
analysis, the two theorems to be stated will avoid the 
language of probability. 


* Presented to the Society, December 30, 1924. 

{7 Mayr, Wahrscheinlichkeitsfunktionen und thre Anwendungen, Mo- 
NATSHEFTE FUR MATHEMATIK UND Puysik, vol. 30 (1920), pp. 17-43. 
Rietz, Frequency distributions obtained by certain transformations 
of normally distributed variates, ANNALS OF MATHEMATICS, (2), vol. 23 
(1922), pp. 292-300. 
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2. The Determination of the Frequency Law for a Function. 
THEOREM I. Let 
(1) z= 9(a) 


be a single-valued real function of x, integrable over the real 
continuum. Let 

(2) y = fz) 

be a continuous single-valued real function, defined for all 
real values of x, with an inverse function, 


(3) x= gly), 
in general multiple-valued. In a formal manner, set 
(4) wy) = 


where a term is to appear in the sum for each x corre- 
sponding to the given y, and where W(y)=0 if there is 
no such x; and set 


(5) (1) =| (x) dx, 


this definite integral to be taken over those portions of the 
x-axis for which f(x)<n, and to be zero if f(x)>% iden- 
tically. Given a real number 4 for which f(x)— 1 has at 
least one zero, suppose that g|g(n)] ts continuous for each 
corresponding x. Postulate, further, either Condition A or 
Condition B, below. Then we shall have 
(6) = w(n). 
ConpiTion A. /(x)—7 vanishes for but a finite number 
of values x; of x; and each /’(z;) exists and is not zero. 
ConpiTIon B. (1) There is a constant M such that for 


small enough Ay 
(7) @An)| < M, 


(2) The lengths of intervals between consecutive zeros of 
have a positive lower bound 0. 

(3) g(x) has but a finite number of discontinuities. 

(4) When |x| is sufficiently large, g(x) does not change 
sign, and |g(z)! does not increase with !z'. 


= 
= 
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Proor. Under Condition A and also under Condition B, 
because of 2°, the intersections 2; of y = f(x) with y = 4 
are isolated. The curve—see 1°—cuts y = 7, and is not 
merely tangent to it. We may suppose, then, that for 2; 
with even subscripts, g’(7)<0, and for odd subscripts g’(y)>0. 
With z even, take 1 so that 2;<1j<2441,—this becomes 
simply z;< vj in case z; is the greatest abscissa of inter- 
section. Set: 


(8) Ui ={ y(x)dx; = (ax) dz. 


% 


Then from (5), using all values of 2 involved, odd and even, 


(9) B(n) = Dui. 
But, since g(x) is continuous at 2, 


du 
dy 


Under Condition A, then, (6) follows from (3), (4),(9), and (10). 

Now, under Condition B, we may take 7A so small that, on 
account of 1°, 3°, p(x) is continuous when y— An<y<7 + An. 
In (8) and (9) we may now think of 7 as replaced by any 
y in (y—An, n+ An) to form terms 2; with derivatives uj. 
Suppose that 4° is applicable for x>2,—b. Then, by (7), 
(10), and 2°, 


(10) 


And, since a similar inequality can be set up for terms 
with i<—n, and ¢(z) is integrable, >’ui converges; and 
also Su: converges. Thus (6) is also valid under Con- 
dition B, by virtue of a theorem* of function theory. 


*Dini, Grundlagen fiir eine Theorie der Functionen einer ver- 
anderlichen reellen Grosse, Leipzig, 1892, p. 154. 

Porter, On the differentiation of an infinite series term by term, 
ANNALS oF MatuHematics, (2), vol. 3 (1901), pp. 19-20. 


(11) 
n n | | 
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If (6) fails for not more than a finite number of values of 7 
(12) = dy; 


and, indeed, less restrictive conditions may be given. 

To show that the conditions of the theorem are not 
altogether superfluous, let us form a block diagram, and 
then round off slightly the corners to make it the graph 
of a single-valued function,—a graph very roughly re- 
presenting the wave curve of damped vibration. Suppose, 
then, that rectangles of unit base are placed alternately 
above and below the X-axis, resting upon this axis, and 
each with a vertex upon x*y* —1, except near the origin. 
And suppose that g(x) = |a|—*? except near the origin. 
Then 4’(0) = +0; but w(0)—0, since at each inter- 
section, g'(0) 0. The “curve” just described may be 
modified so as to oscillate about an infinity of lines parallel 
to the X-axis; and thus for an unlimited number of values 
in a finite interval ¥’(y) + W(y). 

The application of the theorem to probability is obvious. 
The #(y) and #’(y) in (5) and (6) are respectively the 
cumulative frequency law and the frequency law or “frequency 
density” at 7 for the function Y —/(X), when X is subject 
to g(x). E.g., if Y= cosX, and = 

-}- 1 
(13) YY) = 


= arc cosy, 2, —arecosy, 272, 
for |y|<1; and w(y) = 0 for |y|>1. 

3. The Determination of a Function connecting two Fre- 
quency Laws. 

THEOREM II. For a<a<b, ex<y<B, where a, b, £, 
are constants, finite or infinite, let 9(x) and Wy) be positive 
except possibly for isolated values of x or y; and let these 
Sunctions have finite integrals. Set 


(14) =|, 9(x)dx; Wn) wy)dy. 
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Suppose that for some c<b, 


(15) = O(c). 
Then there exists a single-valued continuous increasing function, 
(16) Y = F(X), 
defined in the interval (a, c) such that for any & in (a, c), 
(17) Hn) = 7 = 

Proor. Set 
(18) == 


Then u is a continuous increasing function of 7 in (a, £). 
Hence 
(19) 


is a continuous increasing function of in [¥(a@), 4(8)], 
that is, by (15), in [M(a), M(©]. Hence 


(20) 1 = = FO) 


is a continuous increasing function of § in (a, c). 

This theorem suggests that although a cause X may be 
subject to some generally recognized frequency law (zx), 
its effect Y may be subject to almost any imaginable law 
yy), in the absence of rather definite knowledge of the 
functional relation between X and Y. In this connection, 
not only would F(X) be available, as a possible expression 
of this unknown relation, but an infinite number of func- 
tions f(X) to which Theorem I applies. 


4. Conclusion. If the conditions of both theorems are 
satisfied everywhere, then there exists one and only one 
continuous increasing function F(X) whose frequency law 
is identical with that of f(X),—the cumulative law ¥(m), 
indeed, being the same for F(X) and for f(X) if only a 
finite number of points need to be excepted. Thus F(X) may 
be looked upon as the chief representative of a whole class 
of functions f(X) associated with each other through ¢(z). 
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ON THE ACCESSIBILITY OF AN ARC FROM 
ITS COMPLEMENT IN SPACE OF 
THREE DIMENSIONS 
(Extract from a letter to R. L. Moore, dated Jan. 29, 1924) 
BY CASIMIR KURATOWSKI 


In a paper on continuous curves printed in the BULLETIN 
OF THE AMERICAN MATHEMATICAL Society, July, 1923, you 
have raised the question, whether an arc lying in a three- 
dimensional space is accessible at each of its ends from every 
point which does not lie on itt. 

I shall answer positively this question. 

Let AB be an are lying in the space S, X a point of 
S—AB, P a point of AB (not necessarily an end-point). 
Let H be a plane containing the points X and P. 

The point-set G, composed of those points of the are AB 
which lie on H, is a closed plane and bounded set. Since 
the are AB passes through G, the set G does obviously 
satisfy a condition (which you gave with Professor Kline 
in a paper printed in ANNALS OF MATHEMATICS)* which is 
necessary and sufficient in order that it should be possible 
to pass an are through it. Let 7 be an arc lying on H, 
containing G but not X. Hence T7' is accessible at each 
of its points on the plane H (see, e. g., Schoenflies). Let 
XP be an are lying on H and having in common with 7 
only the point P. Hence XP has in common with AB 
only the point P and thus the theorem is proved. 

Obviously the proof holds true in »-dimensional space, 
n= 3. 


THe UNIVERSITY OF WARSAW 


*The paper here referred to is On the most general plane closed 
point-set through which it is possible to pass a simple continuous arc, 
ANNALS OF MATHEMATICS, (2), vol. 20 (1919), pp. 218-223. R.L. M. 
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ON SETS OF THREE CONSECUTIVE INTEGERS 
WHICH ARE QUADRATIC OR CUBIC 
RESIDUES OF PRIMES* 


BY H. 8S. VANDIVER 


1. Introduction. The problem of finding sets of two 
consecutive integers which are quadratic residues of a prime 
has been considered by a number of writerst from the 
point of view of finding integers x and y such that 


+1 (mod p) 


p being a prime. I know of no references however, on 
the problem of finding three consecutive integers which 
are squares. 

As to consecutive integers which are cubic residues, 
the congruence 

(mod p) 

has been studied,i but the problem of determining sets 
of three consecutive integers or sets in arithmetic progression 
which are cubic residues has apparently not been considered. 

In the present note special results on such distribution 
of quadratic and cubic residues will be obtained. 


2. Three Consecutive Quadratic Residues. It is known that 


= (mod p) 


has solutions prime to 5 only when the prime p = 1 (mod 5). 


* Presented to the Society, December 29, 1923. The author was 
enabled to carry out this investigation through a grant from the 
Heckscher Foundation for the Advancement of Research, established 
by August Heckscher at Cornell University. 

7 See the references in Dickson, History of the Theory of Numbers, 
vol. 2, pp. 282-303 (These are included incidentally in the literature 
on representation of a number as the sum of four squares.) 

+ See Libri24, Pellet128-244, Dickson199, Cornacchia?17, Mantel277, 
Hurwitz218, Schur288, of Chapter 26 of vol. 2 of Dickson’s History. 
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Under this assumption put 
may be written v? + v—1—0 and v = (—1+a)/2 (mod p) 
where a? = 5 (mod p). From v = 2x+1/z it follows that 
the congruence * 


__ 1 
(mod p) 


has solutions in x Hence the discriminant is a square 
modulo p, or there exists an integer w such that 


Qu? = —5+4 (mod p), 
(1) Qu? = —a?+a (mod p), 
—2au? = a*(a +1) (mod p) 


and, using Legendre’s quadratic residue symbol we have 


a+1 — 2a 
ter 
(2) ? > 
If p is of the form 5n—1, then the congruence x* = 5 
(mod p) has a solution, but (2>—1)(a—1)= 0 (mod p) 
has no solution. Hence 
p 
(2) and (3) prove a proposition proposed as a problem in 
the AMERICAN MATHEMATICAL MoNTHLY.t 
From (1) we have 4u*=— 10 + 2a (mod p) for p—5n-+1, 
but no such congruence holds for p—5n—1.. Hence we 
have the following theorem. 
TuEorEM I. Jf a?= 5(mod p), then 


Pp 
according as p is a prime of the form 5n-+1. 

In (2), let p be a prime of the form 40k+11. Then 
(—2/p) = 1, and therefore 


) = 41 


* The fraction m/n in a congruence stands for the integer z, where 
zn =m (mod p). 
+ Problem 152, vol. 15, 1908, p. 235. 
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Pp 

and a+1, a and a—1 are successive integers which are 
all quadratic residues of p, or all quadratic non-residues. 
There are two roots of x*= 5(mod p), so if (a/p) = —1, 
then (p—a)/p = 1, and we have therefore determined three 
successive integers which are all quadratic residues of p. 
If p = 40k+39, we have by (3) 


and as before we may select a to be a quadratic residue 
of p. If p= 40n-+1, then 


p Pp 

and these are not quadratic residues of p unless a is a 
quadratic residue of p, or in other words 5 is a biquadratic 
residue of p. Since p is of the form 40n+1, it is not 
always possible to select a so that it is a quadratic residue. 
Similar remarks apply to the case p = 40n-+-29. Hence 
we have the following theorem. 

THEOREM II. If p is of one of the forms 40k -+-1, 40k+ 11, 
40k+ 29, 40k+ 39, then a+1,a,a—1 are all quadratic 
residues of p, where a® = 5(mod p) and 5 is a biquadratic 
residue of p. If p is of one of the two forms 40k-+ 11, 
40k + 39, it is always possible to select a so that (a/p)= 1. 
If p is one of the two forms 40k+1, 40k+ 29, then if 
one set a+1, a, a—1, exists then at least one other exists, 
namely (p—a)+1, p—a, (p—a)—1, having the desired 
property. 

In case we are testing the existence of sets in the case 
p = 40k+1 or 40k+ 29, and p is large, we may avoid 
the determination of a by the use of the law of biquadratic 
reciprocity,* which enables us to find the value of (5/p),. 


* Smith, Report on the theory of numbers, CoLLECTED Works, 
vol. 2, p. 77. 


3* 
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ExampLes: The three consecutive integers 3, 4, and 5 
are quadratic residues of 11; also 19, 20, and 21 are 
quadratic residues of 79. 

It is evident that we can also set up, by similar methods, 
theorems regarding integers a, a+1, a+2, modulo p, 
where each of these integers have prescribed quadratic 
characters. 


3. Cubic Residues. We shall now discuss cubic residues. 
We shall first prove the following lemma. 

Lemma. If p is an odd prime > 3, 
and 


(4) yt+aytb=o0 (mod p) 


where a, b, and y are integers, and also k is an integer not 
congruent to 0 (mod p) such that 
b? a® 


R= =k (mod p) 


then 


are cubic residues modulo p. 

To show this we follow a procedure analogous to that 
employed in Cardan’s solution of the cubic. Let y—=u-+v; 
then (4) gives 3uv = —a, u®+v*' = —b. Assuming that 
y is an integer, then «? + 2uv-+ v? is an integer. Assuming 
p >3, then 3uv——a shows that wv is congruent to an 
integer modulo p, hence u?+ v* has the same property, as 
well as u?+uv+v*. Also since (u®—v*)* = 4R the same 
is true of u’—v*. Now (u—v)(u? + = and 
k==0 (mod p), whence u—v is congruent to an integer 
modulo p. Since u-+-v is also, we have both wu and v con- 
gruent to integers modulo p. Since u* = (—b/2+4) and 
v® = (—b/2—k) the lemma is proved. 

We now apply the above result to the function 


= 
= 
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where 4 is a prime, 
4A = m?+27n?, m=1 (mod 3). 
We also have 


S(@) = 1g) 


where 
n= 
n= 
a’ —1,a+41, r a primitive root of 2. By a theorem of 


Kummer* we know that the congruence f(x) = 0 (mod p) 
always has solations if pes =1(mod 4). Identifying (5) 


with (4) we have, since a—=—3A, b= —mA, 
R= 


Now if p is a prime congruent to 1 or 7, modulo 12, then 
(—3/p)—1, so that an integer k exists so that k= RF (mod p). 
Put 7? = —3 (mod p); then we may write 
k= (mod p), 
2 
so that, from the lemma, 
Am , nd, Am nd ., 
are cubic residues of p. 


Hence, if both 44m and 44m are cubic residues, so that 
4dm = and 4Anj* = (mod p), then 


(5) 2}? 2 2 

are all cubic residues and if (h/2)f=1 (mod p) then, 
modulo p, 


* CRELLE, vol. 30 (1846), pp. 107-116. 
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2 +1, 2 : 
give a set of consecutive integers which are cubic residues. 
If either 44m or 44n is a cubic residue then we may find 


three cubic residues in arithmetic progression. Noting 
that if s is a cubic residue of p then (—s) is also, and 


nd ., Am 


2 2 


is a cubic residue, the result follows easily. We may 
then state the following theorem. 

THEOREM. If 2 is a prime, 

__ m*+ 27n? 


m =1 (mod3), p=t1lorT7 (mod 12), 


p?-»/8 = 1 (mod 4) and if or 4dn is a cubic residue 
of p then it is possible to find three cubic residues of p in 
arithmetic progression. If both 44m and 4An are cubic 
residues, it is possible to find three consecutive integers which 
are cubic residues of p. 

EXAmMPLe. Let p= 37, whence n=—1, 
j=16. Here we find 44m — 14 is a cubic residue of 37 
and 36, 11, 23 are cubic residues of 37 in arithmetic 
progression, with common difference 12. 

The methods employed above apply to other similar 
problems, but I have not been able to obtain any theorems 
which are very general. In particular owing to the use 
of the equations p(z) = (¢—1,) (¢—1,) --- (e—1,), where 
My) Ney +++, 0, are the cyclotomic periods, ef = n—1, of the 
equation z* — 1, in the algebraic solution of this equation, 
and the results of Kummer already cited on the integral 
divisors of y(z), it is possible to obtain a variety of results, 
but they all seem to be rather special in character, as are 
the theorems of this paper. 


Cornett UNIVERSITY 


1925.] NORMAL CONGRUENCES OF CURVES 39 


NORMAL CONGRUENCES OF CURVES 
IN RIEMANN SPACE*> 


BY HARRY LEVY 


The purpose of this note is to determine necessary and 
sufficient conditions that a congruence of curves in a Rie- 
mann space of m dimensions be normal to a family of k— 
dimensional hypersurfaces. We proceed first to find certain 
necessary conditions. 

If the hypersurfaces, which we denote for brevity by Vx, 
are defined by the equations 


(1) Sila --- 2) 1,2,---,n—kj, 


where the c’s are constants, any one of the n—k vectors, 
afi/da”, (i = 1,2,---,n—k) will be orthogonal to the family. 
Hence, if a congruence of curves is normal to a family V;, 
there are n—k linearly independent congruences normal 
to the same family. Define these congruences by the n—k 
systems of equations 


(2) AP (h = 1,2,3,---, n—k). 


There will be no loss of generality in assuming that the 
congruences are mutually orthogonal; if we denote the 
fundamental tensor of the space by gy, that is, if the linear 
element is given by the positive definite form 


(3) ds* = gyda‘ dx/,t 
then we may write 
(4) Grs4n\’ = 


* Presented to the Society, April 28,. 1923. 
7 An index repeated, once a subscript and once a superscript, is 
summed from 1 to n. 


= 
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for h,j —1,2,---,n—k, where 6;; is Kronecker’s delta, 


0, h+j, 
=| + 


©) 1 h=}. 


Take any other k congruences, defined by (2) for 
h = n—k-+1,---,m, which are mutually orthogonal and 
orthogonal to the first group. Then (4) will hold for all 
values of h and 7 from 1 to n. 

The coefficients of rotation, 7nij, of this orthogonal ennuple 
will be defined by 


(6) = Anir, 4°, 


where 4;), for r = 1, 2, ---, m are the covariant components 
of the vector 4), that is An), = grs and is the 
covariant derivative of 4n),, 


(7) 


The functions I,‘ are the Christoffel symbols of the second 
kind. 
Ricci has shown* that we may solve (6) for 4n:7,s, and that 


n 
(8) Anir.s = 


If congruences 4,);, ---, 4n—x; have a family of 
k-dimensional hypersurfaces as orthogonal trajectories, 
every direction orthogonal to these »—k congruences must 
belong to the hypersurface. Hence the equationsy 


must have »—k independent solutions. A necessary and 


* See Méthodes de calcul différentiel absolu, Ricci and Levi-Civita, 
MATHEMATISCHE ANNALEN, vol. 54 (1901), p. 148. As will be seen 
later, the result of this paper coincides with that of Ricci for the 
case k= n—1. 

+ Regarding the notation here used. see Goursat, Les Equations 
Différentielles du Premier Ordre. 
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sufficient condition that (9) be a complete system admitting 
n—k independent solutions is that (X;X;—X;Xi)f be a 
linear function of the expressions Xm(f). Now 


where 
= 
where 1s 027, and where is the covariant derivative 
of f,. Making use of (8) to eliminate 2;* ,, we find, by 
(4) and (9), 
n n—k 
XiXi(f) = frail 2, Xit fern’. 


h=1 


Since f,, is symmetric, we have 


n n—k 
l=n—k+1 h=1 
Hence we may write 
n—k 


All the coefficients of f;4,|° must vanish, otherwise we 


would have another relation between the derivatives of /. 
Consequently, necessary conditions are given by the equations 


(10) Vjhi—TVihj 
(h = 1,2,---, n—k; 1,7 = n—k-+1,---, n). 

These conditions are also sufficient, hence we have the 
following theorem. 

THEOREM. The necessary and sufficient condition that 
congruences Ay), +--+, An—x| have a family of k-dimensional 
hypersurfaces as orthogonal trajectories is that equations (10) 
be: satisfied. When k= mn—1 this coincides with Ricci’s 
results.* 


* In a paper presented to the International Mathematical Congress 
in August, 1924, Ricci, unaware of my work, also obtained this general 
result using essentially the preceding method. 


= 


42 T. R. HOLLCROFT [ Jan.-Feb., 


Suppose every set of n—k congruences of the orthogonal 
ennuple is normal to a family Vy. Then equations (10) 
are satisfied when h, 7 and 7 take on any distinct values. 
But Ricci has shown that ynj = —vaj; combining, we find 
ynij = O for h, i, 7 distinct, and this is a sufficient condition 
that all the congruences be normal. Consequently, if every 
set of n—k congruences (k>1) of an orthogonal ennuple 
has a family of k dimensional hypersurfaces as orthogonal 
trajectories, then all of the congruences are normal. 

PRINCETON UNIVERSITY 


LIMITS FOR ACTUAL DOUBLE POINTS OF 
SPACE CURVES* 


BY T. R. HOLLCROFT 


1. Introduction. Noether+ has proved that space curves 
of maximum genus on non-singular surfaces always exist. 
In the first part of this paper, such curves will be assumed 
to exist also when any number of actual double points are 
added, subject only to the fact that the genus can not be 
negative for a proper curve and to certain other limitations. 
The purpose of this paper is to ascertain and define these 
limitations when all of the actual double points of the space 
curve are cusps or when all are nodes, and to discuss the 
existence of space curves with any number of actual double 
points up to and including the maximum. 

From Noether’s formula for the maximum genus 7, of 
a eurve of order m on a non-singular surface of order yp, 
is obtained the theorem: The minimum number of apparent 
double points h, for a space curve of order n cut out by 


* Presented to the Society, February 24, 1923. 

+ M. Noether, Zur Grundlegung der Theorie der Algebraischen 
Raumkurven, ABHANDLUNGEN DER PREUSSISCHEN AKADEMIE DER 
WISSENSCHAFTEN, 1882, Section 6. 


= 
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a surface of order vy on a non-singular surface of order yu, 
if w<y, is 


= 


2. Limits Obtained by Projection. From an arbitrary 
point, the apparent double points of a space curve project 
into plane nodes, but from a point on the developable, 
from a point on the nodal curve of the developable, or 
from a triple point of this curve, one, two or three ap- 
parent double points respectively are projected into cusps 
on the plane curve of projection. For m >3 the nodal curve 
always exists and for n=>8 it always has triple points. 

Let C, represent a space curve of order and maximum 
genus 7, with h, apparent double points and lying on a 
non-singular surface of order w. Let C;, be projected into 
a plane curve Cp, for n<7, from any point of the nodal 
curve of the developable surface. Resulting from the pro- 
jection of the apparent double points of Cy, the plane 
curve C, will have two cusps and 


= h,—2 = 


nodes. For n=>8 the projection will be made from a triple 
point of the nodal curve and the plane curve will then 
have three cusps and 6, = h,—3 nodes. 

The maximum number of cusps that may be added to 
the singularities of this plane curve C, is the number of 
cusps of C,, that can result from the projection of cusps 
of C,, that is, it gives an upper limit for the number of 
cusps of the space curve. The solution of this problem 
for a plane curve is given in a former paper.* Use the 
above values of 6, in the limits of 6, given in the solution 
of this problem, denote the maximum number of cusps of 
Cn by &, and we have the result: 


* T. R. Holleroft, Singularities of curves of given order, this 
BULLETIN, vol. 29 (1923), Problem 1, pp. 409-10. 
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The maximum number of cusps 4, for C, as defined 
above, provided that py>n>p(y—1), is as follows: 
For n <7, 


1 
(1) B, = 
For n => 8, 


If hy => 10) + 3+ 2V4n + 13, 


(2) <2 —2)— 20h, + DI; 


It n(n —13) 
+14—V16n— 23, 
(3) 
—V 4n(n—9)—8h,+105 |; 
lt h, < 5-nin—13)+ 14—V 16n 23, 


1 
(4) + 6)— 2h, +3). 


An exception to (1) occurs when uw = 2 since a C; on 
a quadric can have but five cusps. 
Since py > n > —1), in (2) 


h, = - 4n +13 
only for w+y»<8; and in (3) 
hy + 14—V16n — 28 


only for w+v< 14. 
Tf in the formula for h, we let w = 2 and »y = n/2 or 


* The aan {a] followed by <(=) means the largest (one greater 
than the largest if not equal) integer contained in the expression on 
the right. 
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(n+ 1)/2 we obtain h, }n(m—2) or }(n—1)* for n 
even or odd respectively. The inequality 


> 


defines the smallest number of apparent double points for 
a proper space curve of order .* Then when p = 2, 
C, can have the largest number of actual double points 
possible for a given order n. 

Using the above value of fe in the preceding limits, 
we can determine the values of » for which the several 
limits of 6, hold and thus obtain the following formulas. 

For n < 6, 


1 
[Bs] 
For 


(Al < (n*—2n—4); 


For 25, 


> 12) + 105); 
For n = 26, 
[Be] < + 8n— 44). 


With the exception of the limit for » < 6, these are only 
upper bounds for 4, and can not be attained, as will be 
shown in the two following sections. 

Since every rational plane curve of order n>4 may 
have three or more cusps, the above considerations do 
not limit the nodes of a space curve. 


3. Limits given by y>0. Certain limits for # arise from 
the fact that none of the characteristic numbers of a 


* G. Halphen, Sur quelques propriétés des courbes gauches algé- 
briques, BULLETIN DE LA Socrét& DE FRance, vol. 2, p. 42. 


== 
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proper space curve can be negative, and in some cases 
these limits are more restrictive than those derived above 
by projection. Of these, the lowest limit for 8 is given 
by y, the number of cusps of the nodal curve. For y >0, 
there results the inequality 


(<= 4(n—w — H)—20], 


wherein r is the rank, v the number of linear inflections, 
@ the number of double tangents and H the number of 
nodes of a space curve. When » = v — 0, as may happen 
for curves of any order, the space curve can have a larger 
number of cusps. There results 


1 
[A] < | [rin —6) + HD). 
This serves as an upper bound to £ for all space curves. 


Space curves that lie on a quadric have [h] > n(n—2)/4, 
so that 


(r] < 


Substitute this limit for r in the foregoing inequality de- 
rived from y > 0 and we obtain 


1 
| [nln —2)— 4H]. 
Since, for a maximum 8, H — 0 or 1, the limit becomes 


(Bl <> nin—2). 


If, when n(n—2) is divided by 6, the remainder is greater 
than or equal 4, there may be one node. This occurs only 
when is of the form n= 1, mod 6. 

This formula gives as small a limit for 8, for 7 << 26 
as those obtained by projection, or a smaller limit. 

For curves on cubic surfaces, we find that the inequality 
y > 0 leads to the limit 
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(Al < (n—2)(n +3). 


For n < 8, all the actual double points may be cusps. The 
above limit is more restrictive than those derived by pro- 
jection for 12 << 17 and gives the same value of A; 
for n = 9, 10, 11. 

For curves on quartic surfaces, there are no values of 
n for which the limit derived from y > 0 gives a smaller 
limit for 4, than those given by the projection formulas. 

If in the above inequatity for & in terms of » and H, 
we let 8 = 0 instead of H, we obtain 


< nln —2). 


This limit, however, is always greater than the maximum 
genus of C, on a quadric, so the fact that y cannot be 
negative does not restrict the number of nodes when £ — 0. 
The same is true for curves on surfaces of higher order 
than two. 


4. Limits Caused by Adjoint Curve. As was shown by 
Noether,* the necessary and sufficient condition that a non- 
composite plane curve be the projection of a space curve is 
that the double points of the plane curve which are projec- 
tions of the apparent double points of the space curve lie on 
a plane curve of order n—-i—3, where i1< »+v—4 if 
py =n or if py >n> wv—1). This curve 
of order n—7z—3 is called an adjoint curve. There are 
adjoint curves for all values of z less than or equal to the 
given limits, but since the one for the largest value of i 
is of least order and thus imposes the greatest number of 
conditions on C,, only that one will be considered here. 

First consider curves that are complete intersections of 
the two surfaces of orders mw and y, that is, let wy = n. 
For such curves the greatest value of i is ~+»—4 and 
the order of the adjoint curve of least order is (a —1)(»— 1). 


* M. Noether, loc. cit., § 4, Theorem II. 
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The number of conditions necessary to determine this 
adjoint curve is Sub- 
tracting this from h, = 4~»(u—1)(v—1), we find that 
there are (u—1)(v—1)(#-+»—4)/2 double points of C, 
through which the adjoint curve passes gratuitously, and 
therefore that among the hy double points of C,, there exist 
4(u—1)(v—1) »—A4) linear relations. 

For a sufficiently large n, these conditions on C, lead 
to a limit to the number of cusps (and, for a still larger n, 
to the number of nodes) of C,. The projections of the h,, 
apparent double points of C,, since they may be projected 
into h,—3 nodes and 3 cusps of Cn, account at most for 
h,+3 conditions on Cy. Then the number of degrees of 
freedom of C, is 


1)(»—1) (w+ »—4) 


5 (6n—2+ +r) 


all of which may be absorbed by assigning cusps or nodes 
to Cn. Lefschetz* has proved that a node accounts for 
one and a cusp for two invariants, and that for the genus 
p>2, no more than 4n(n+3)—8 of the $n(n+3) 
conditions necessary to determine a plane curve may be 
invariants. For the curves C, involved here, more than 
eight metric conditions are given in each case by the linear 
relations that exist among the double points of C, which 
are projections of the apparent double points of Cy, so 
that all the remaining degrees of freedom of C, may be 
absorbed by assigning nodes or cusps to Cp. 

An upper limit to the number of cusps of C;, is, therefore, 


and an upper limit to the number of nodes is 
H, = 


* §S. Lefschetz, On the existence of loci with given singularities, 
TRANSACTIONS OF THIS SociETyY, vol. 14 (1913), pp. 23-41. 


= 
= 
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When C,, is not a complete intersection, for curves with the 
minimum number of apparent double points, uv >> p(y—1), 
i = p-+yv—5B and the number of linear conditions among 
the hu double points of C, is, for w<», 


for w<4, and 


for w>5. 
An upper limit to the cusps of C;, is found as before 
by subtracting the sum of each of the foregoing expressions 
and hu+3 from 4n(n-+ 3), which gives, respectively, 


1 
for w<4, and for 


Since the additional terms in the first limit by which it 
differs from the second vanish identically for values of wu 
within the limit «<4 for which the formula holds, the 
second limit for Sw holds for all values of w, w<y and 
py > n> p(vy—1). 

Also as before, the upper limit to the number of nodes 
of Cy for and py >n>p(vy—1) becomes 


These limits for 8, are more restrictive than projection 
limit (2) for w+v>9, but since limit (2) holds only for 
u+v<8, it is not superseded by this new limit. 


4 


= 
= 
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The new limits are more restrictive than projection limit (3) 
for #-+v>9. Since projection limit (3) holds for »<14, 
it is superseded by the new limits for all values of wu and v 
such that w+v=29. Projection limit (4) is entirely super- 
seded by the new limits for all values of w and ». 


5. Summary of Limits. Finally, for any proper space 
curve of order m which is formed by the intersection of 
a surface of order v with a non-singular surface of order wv 
such that uwyw>n> p(v—1), there exist the following upper 
limits to the number of cusps it may possess: 


When <7 (n<6 for 2), 
1 
B, 
When n>8 and 7<8, 


For hy > 


For 


+14—V 16n— 23 


4n(n—9) — Bh, + 105]; 


When 


If py n, 
If py >n>p(y—)), 
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In the limits derived from the properties of the adjoint 
curve, if the equality sign holds, the curve C, with the 
maximum number of cusps can have no nodes. If the in- 
equality sign holds, it may have one, but only one. 
Under the same general conditions as above, when £,,= 0 
the following limits exist for the number of nodes H,: 
When py =n, 
For = 2, v215; 3, v>11; all values of such 
that <7 and all values of y>u>7; 


H, = 


When 

For v216; p=3, p=—4, v211 if 
is of form (n+ 1)/4 or (n+2)/4, or v>12 if is of form 
(n+ 3)/4; p=5,6,7, v—=(n+ ifc—1, wt+r>14 and 
if c>1, and for all values of 


H, = 
+ w+ 
. For » = 2 and m even, the adjoint curve is of order 


4(n—2) and 4(m—2)(m—4) conditions are imposed on the 
4n(n—2) double points of C,. For 7<n<26 the limit 


is lower than that given by the projection limits. The 
number of conditions imposed by these cusps and nodes 
on C, together with the linear relations existing among 
them amount to (82n—5n*—96)/24. This is negative for 
n>16, so that for n>16 


[As] <n + 96) = + 22n—32), 


4* 


= 
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The limit for n odd is found in a similar way. These limits 

can also be obtained by substituting » — 2 and vy = n/2 

or (n+ 1)/2 respectively in the general limits for B,,. 
For » = 3 and mite the limit 


[Bs] g (n+ 3) 


is lower than that given by the projection limits. By taking 
and n/3, (n+1)/3, (n+ 2)/3, respectively, 
and following each through as for « = 2, we find that within 
these limits for m the above limit is lower also than the 
limits derived from the conditions imposed on C, by the 
adjoint curve. 

For » = 3, the following limits exist. 


For n <7, 

For 8<n< ll, 

(n?—9); 
For 12<"< 17, 

[Bs] g (n+ 3); 


For n= 18, 


For y= and n > 33, 


H; = (n*? + 57n —72); 
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For v = mit and n = 38, 


(n? + 65n—116); 


For » = ona > 87 


3 
1) 13 (n? + 61n— 98). 


When uw = 2, in view of the fact that space curves with 
the least number of apparent double points for a given n 
lie on a quadric, this theorem results: 

Every proper space curve with the maximum number of 
cusps for a given order lies on a quadric and the maximum 
for each order is given by the following limits. 


(I) For n < 6, 
Al (n— 


(1) For 7<”< 15, 


(III) For » even and n= 16, 


[Al S (n* + 22n—32); 


(IV) For n odd and » => 17, 
<5 (n* + 24n—41). 


For n = 7 the curve may be rational, that is, it may have 
one node in addition to the five cusps. For » > 7, space 
curves with the maximum number of cusps for a given n 
are irrational. For some values of n they may have one 
node, for others, none. 

With regard to nodes, a similar statement may be made, 
viz., every proper space curve with the maximum number 
of nodes for a given order lies on a quadric, and the 


| 
< n(n — 2); 
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maximum for each order is given by the following limits 
(no limit except genus for n < 30). 


For n even and n = 30, 


(n? + 22n—32): 


For odd and = 31, 
H, = (n? + 24n—41), 


6. Existence of Curves. Since for n>4, plane curves 
with three cusps and any number of nodes up to the 
maximum allowed by the genus exist, and since any two 
surfaces may have as many ordinary contacts as the ap- 
parent genus of their curve of intersection, there are no 
further questions as to the existence of space curves with 
any number of nodes up to and including the maximum, 
except those relating to the adjoint curve and they will 
be considered in the discussion of the existence of space 
curves with cusps. 

The fact proved by Noether that space curves with only 
apparent double points, of maximum genus and lying on 
non-singular surfaces always exist has been mentioned 
above. The addition of cusps requires that the two surfaces 
containing the C, have that number of stationary contacts. 
So far as the surfaces are concerned, they may have as 
many stationary contacts as the apparent genus of C,. In 
regard to C, itself, the addition of cusps reduces all the 
other characteristic numbers, some very rapidly, notably 7, 
which serves as an effective limit on #. Finally, when the 
maximum £ has been so chosen that all these characteristic 
numbers are non-negative (with the single exception of the 
genus of the nodal curve, which may be negative, since the 
nodal curve may be composite when the cuspidal curve is 
not) there appears to be nothing more appertaining only to 
the space curve itself to interfere with its existence. 

If, however, we attempt to project C, upon a plane when 
8 is limited only as above, we find that for m greater than 
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certain limits, no proper plane curve exists into which C, 
may be projected and therefore that C;,, itself does not 
exist as a proper space curve. In order that the plane 
curve of projection exist, two conditions must be satisfied— 
first, the number of cusps and nodes assigned to it must 
not exceed the maximum number a plane curve of that 
order can possess, and second, the nodes and cusps of the 
plane curve which are projections of the apparent double 
points of the space curve, must lie on the adjoint curve. 

The existence of plane curves with any number of cusps 
up to and including the maximum has been proved by both 
Lefschetz* and Coolidget for p< po, where po is the genus 
associated with a given m on the assumption that the bi- 
tangents and inflections are both as near zero as possible. 
Although lacking a formal proof as yet, the existence of 
curves for p> po with any number of cusps up to and 
including the maximum is practically assured. 

In all the preceding, we have used the condition that 
the double points of the plane curve of projection, which 
are projections of the apparent double points of the space 
curve, must lie on an adjoint curve only as the necessary 
condition that the plane curye be the projection of the 
space curve. But Noethert and Valentiner$ have both 
proved that this condition is also sufficient—that such a 
plane curve is always the projection of a space curve. 

Therefore the existence of space curves with cusps up 
to and including the maximum as given by the preceding 
limits is established, if plane curves for p> po with any 
number of cusps up to and including the maximum exist. 


WELLs CoLLEGE 


* §. Lefschetz, loc. cit., pp. 33-39. 

+ J.L. Coolidge, On the existence of curves with assigned singularities 
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SOME MEAN-VALUE THEOREMS 
CONNECTED WITH COTES’S METHOD OF 
MECHANICAL QUADRATURE 


BY D. V. WIDDER 


1. Introduction. It is the purpose of this paper to prove 
several mean-value theorems whose importance in the problem 
of mechanical quadrature will appear later. 


2. Extension of a Theorem of Birkhoff. The following 
theorem has been proved by G. D. Birkhoff* for the cases 
n= 1,2,3,4,5. The proof was made by computations 
based on tables computed by Cotes. The method is not 
applicable to the general case. 

THEOREM I. A function u(x) is continuous with its first 
2n-+ 2 derivatives in an interval (a, b), and its (2n + 2)th 
derivative itself possesses a derivative for every value of x 
between a and b. If the function vanishes at the points 
a and b, and if its first derivative vanishes at 2n +1 points 
of the interval, equally spaced and including the end points 
a and b, then the (2n-+-3)th derivative of the function 
vanishes between a and b. 

By a successive application of Rolle’s theorem it may 
be inferred directly that «°"*» (x) must vanish in the 
interval (a, b), and that without use of the hypothesis that 
the points in question are equally spaced. It is important 
to note, however, that if the points are not equally spaced 
the conclusion of the theorem is not valid. This fact is 
made clear by a simple example: 

u(x) = (a?—4) (42—1). 
Here 
u(2) = u(—2) = w/(2) = w(—2) = w(1) = 0. 


Yet the fifth derivative of u(x) is a constant not zero. 


* G. D. Birkhoff, General mean-value and remainder theorems, 
TRANSACTIONS OF THIS SoctETy, vol. 7 (1906), p. 131. 
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Suppose that the 2n-+-1 equally spaced points have co- 
ordinates %—n41, +++, Xo, Xn, and suppose the 
points arranged from left to right on the line in order of 
increasing indices. 

Then 


= A, 


We first make a linear transformation of the independent 
variable transforming the points in question into the points 
—n, —n+1,---, —1,0,1,---,m—1,m. Clearly, if the 
theorem is valid for this set of points, it is valid for the 
original set. We may now base our proof on a lemma 
proved by J. F. Steffensen.* 


Lemma. Jf m and n are any positive integers, then the 
Function 


(1) Q(z) = (?—n*) dx 


does not vanish in the interval —m<x2x<m. 
The proof may readily be supplied by geometrical con- 
siderations. We may state our hypotheses on w(x) as follows: 


u(—n) = u(n) = wk) = 0,7 


Since u(—n) = 0, 


u(x) = fiwey dz. 


Now w’(x) vanishes at the same points as the function 
P(x) = x(x?—1) (x? — 2?) .-- (2? —n?). 
Determine a function R(x) by the equation 


u'(x) = P(x) R(a), 


* J. F. Steffensen, ConFéRENcES pu ConGris DES 
MATHEMATICIENS SCANDINAVES, p. 126. 


= | 
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R(x) being defined at an integer r by the equation 


Integrating this equation from —z to n, and recalling 
that «u(—n) = u(n) = 0, we have 


n 
u(n) —u(—n) P(x) R(a)dx = 0. 

On integrating the right hand side of this equation by parts, 
and setting 

=] 

—n 

it follows that 


= =| "R@ewar. 


Now by the lemma, Q(z) is a function of one sign in the 
interval —n<2<n, so that we may apply the first mean- 
value theorem for integrals. We have thus 


Q(a)dx = 0, —n<S<n. 


+ 0, 


since Q(x) does not change sign in the interval (—n, n) 
and is not identically zero. Hence it follows that 


(2) Ro) = 0. 


We may now make use of Rolle’s theorem and of equation 
(2) to obtain the result desired through the following device. 
Form the function 


D(z) = P(x) (R@)— 
On account of the relation (2), it is seen that the quantity 


in brackets vanishes at least twice in the point x—¢. P(x) 
vanishes 2n-+1 times in the interval —n<a2<n. Hence, 


Now 
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allowing for multiple zeros, we see that ®(x) vanishes at 
least 2n +3 times in that interval, whether or not ¢ is an 
integer (that is, a point at which P(x) vanishes). Now by 
successive applications of Rolle’s theorem* we see that 
@°n+>(y) vanishes at least once in the interval (— n, n). 

Since the (2n-+-2)th derivative of P(z) is identically zero, 
and since P(x)- R(x) is u(x), it follows that 


4 2n+8)(z) = 0, —n<&<n. 


The theorem is thus established. 


3. A Companion Theorem. The second theorem is similar 
in character to the first, but deals with an even number 
of points where the first theorem dealt with an odd number. 
The conclusion, however, is essentially different in that the 
order of the highest derivative whose vanishing can be 
inferred is one less than the number of conditions imposed 
on u(x), while in Theorem I these numbers were equal.+ 


THEOREM II. A function u(x) is continuous with its first 
2n derivatives in an interval (a, b), and its 2nth derivative 
itself possesses a derivative for every value of x between a 
and.b. If the function vanishes at a and b, and if its first 
derivative vanishes at 2n points of the interval, equally spaced 
and including the end points a and b, then the (2n+-1)th 
derivative of the function vanishes between a and b. 

No loss of generality will be incurred by taking the points 
as —2n+1, —2n+3, ---, —3, —1, 1, 3, ---, 2n—3, 2n—1. 
Then a = —2n+1, b= 2n—1. Since u(a) = u(b) = 0, 
we have 


b 
= u(b)—u(a) = 0. 


* See, for example, de la Vallée Poussin, Cours d’Analyse, vol. 1, 
p. 66 (5th edition). 

+ From the point of view of the general theory of mean-values, as 
set forth by Birkhoff, this is an essential distinction, Theorem II coming 
under the general case and Theorem I being an exceptional case. 
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Set 
P(x) = (x°—1) (2° .-- —2n—1”), 
and determine R(x) by the equation 
u'(x) = P(x) R(x). 
Then 


Now set 


We can show that Q(z) is a function of one sign in the 
interval (a,b). By the lemma, Q(z) is a function of one sign 
in the interval (a2,2n—3). (The lemma is geometrical, and 
is applicable after a change of unit or a shift of origin.) 
Q(z) vanishes at a and at 2n—3* but is positive at inter- 
mediate points, q(x) is positive in the interval (2n—3,)), 
and consequently Q(x) is never negative in the interval (a,b). 
From equation (3) we have 


R(x) dx =fe —2n-+ 1)q(x) R(x) dr 0. 
a a 
Integrating by parts, we obtain 
(x—2n + 1) R@)Q(x)|> 


2n + 1) Qa) dx = 0. 


The first term on the left hand side drops. so that we 
have on applying the first mean-value theorem for integrals 


d b 


Since fewer + 0, it follows that 
a 


(4) 4 = 0. 


This follows because q(x—1) = q(—2x—1). 
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We now employ a device similar to that used in the 
proof of Theorem I. Set 


P(x) = P(x) R(x) — RO) C—2n-+ 1)q@) 
= + 1)]. 


Now on account of the relation (4) it is seen that the 
quantity in brackets has at least two zeros in the point 
and q(x) has (2n —1) zeros. It follows then that D(x) 
has at least (2~-++1) zeros in the closed interval (a, 5). 
By Rolle’s theorem ®°”(x) must vanish at least once in 
that interval. Since P(x) R(x) is u'(x), and since the 2nth 
derivative of q(x) is identically zero, it follows that 


= 
The theorem is thus established. 


4. Applications to Mechanical Quadrature. Let us now 
apply these theorems to the problem of mechanical qua- 
drature. Suppose a function f(x) is known at equally 
spaced points 2%, %2, 73, and suppose it be required 
to find an approximate expression for 


Let F(x) be the polynomial of degree 2m at most, taking on 
the known values of f(x) at the given points. Then form 
the function 


u(x) [f(a)— F(a)\dxa— A Pia) 


where 
P(x) = (x — --- (4— 


and where A is to be so determined that w(x2n+1) = 0. 


This is possible since 
+ 0.* 


* This may be seen by writing 
and then applying the Lemma. 


A 
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Now u(x) satisfies all the conditions of Theorem I (making 
proper assumptions regarding the continuity of f(x), and 
consequently 


y2n+3)(s) 0, < Xon+1- 
That is, 
AQn+2)!=0, A= + 2)! 


Since u(%2n+1) = 0, we have 


*Lint+i 
= F(x) dx 
(5) fent?) (&) 
+2)! P(a)(x— 


a remainder formula for mechanical quadrature. 
In case the number of points is even, we use theorem II 
and obtain 


Len 


fiadx=| Fade 


"(2n) 


(6) 


These formulas were given by Birkhoff in the paper 
already cited, but were established only for small values 
of n. Steffensen established formula (5) by other methods 
in the article above cited. 


5. Extensions. The methods here employed might be 
used to prove certain other mean-value theorems involving 
equally spaced points, and to which Rolle’s theorem is 
not directly applicable. For example, I have proved the 
following theorem. 

THEOREM III. A function u(x) having the same amount 
of continuity as that of Theorem 1 vanishes at the points 
a and b. If (a, b) is divided into 2n+-2 equal parts, and 
if u'(x) vanishes at the interior points of division, then 
u2"+9(x) vanishes at an interior point of (a, b). 


HARVARD UNIVERSITY 
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THE GEOMETRY OF FREQUENCY FUNCTIONS* 


BY DUNHAM JACKSON 


1. Introduction. The Pearson coefficient of correlation, 
calculated for a finite number of observations, has a geo- 
metric interpretation which is simple and almost immediate.+ 
The same thing may be said of the corresponding expression 
formed for a pair of functions of a continuous variable. 
When the distribution of the observed quantities is thought 
of as given by a frequency function, the geometric inter- 
pretation of the correlation coefficient is not so obvious. 
It is the purpose of this paper to show one form that such 
an interpretation may take.§ The geometric configurations 
are exactly the same as in the other cases mentioned; the 
difference is in the manner of setting up the association. 
This is accomplished by defining an appropriate correspon- 
dence between an arbitrary point of a plane, or of space, 
and an arbitrary linear combination of the variables sub- 
jected to measurement. 

There will be no assumption that the distributions in- 
volved are “normal”, in the sense of the Gaussian law. 
There will be incidental reference to frequency functions 
having properties that correspond to those of normal ortho- 
gonal sets of functions, as the terms are used in the theory 
of the development of arbitrary functions in series; but 


* Presented to the Society, October 25, 1924. 

7 Cf, e. g., D. Jackson, The trigonometry of correlation, AMERICAN 
MATHEMATICAL MonTHLy, vol. 31 (1924), pp. 275-280; also the paper 
cited in the next footnote. 

t CL, e. g., D. Jackson, The elementary geometry of function space; 
recently submitted to the AMERICAN MaTHEMATICAL MONTHLY. 

§ For another form, cf. James McMahon, Hyperspherical goniometry ; 
and its application to correlation theory for n variables, BIOMETRIKA, 
vol. 15 (1923), pp. 173-208. The fundamental idea of attaching a geo- 
metric meaning to the correlation coefficient appears to be due to 
Pearson himself. 
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the word “normal” will not be used in this connection, 
because of the possibility of misunderstanding. As the 
paper is concerned primarily with the establishment of 
certain formal relations, questions of convergence will be 
avoided for the most part by assuming that the functions 
considered are different from zero only over a finite range; 
the concluding paragraph will deal briefly with distributions 
that “tail off” to zero at infinity. 

The order of presentation in the main part of the paper 
is closely parallel to that followed in the author’s article 
on The elementary geometry of function space, to which 
reference has been made in a previous footnote. There 
is enough difference in detail, however, to call for an 
independent treatment at some length. 


2. Frequency Functions in Two Variables. To begin with 
the case of two variables, let (x, y) be defined and con- 
tinuous as a function of its arguments over a finite region R 
of the plane; let it be everywhere positive or zero, and 
not identically zero. There is no essential loss of generality, 
and there is some gain of simplicity, in assuming that 


f 


For preliminary consideration, let it be supposed further 
that » satisfies the conditions* 


(1) few = 0, fos =| yy = 1, 


where f. xy@¢ is an abbreviated notation for the double integral 


xy y)dx dy, 
R 


and where the other integrals are to be interpreted similarly. 
Let a and b be any two real numbers. Then we have 
f(ax+ = a?+5*, because of (1); if (a,b) are taken 


* A method of constructing an infinite variety of functions ¢ satis- 
fying the conditions imposed will appear presently. 
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as the coordinates of a point, the value of the integral 
is the square of the distance of the point from the origin. 
If P, and P, are two points with coordinates (a,, b,) and 
(ae, bs), and O the origin, the distance P, P; is the square 
root of the quantity 


fa = (a,—a,)* + 
and the cosine of the angle P,OP; is 


(ax+ bry)*9 Vf (aaa + day)" 


Thus the fundamental geometric measures can be expressed, 
somewhat indirectly and artificially to be sure, in terms 
of integrals involving the function ¢. 

In transition, let » be a function subject to the same 
hypotheses as before, except that the last two of the 
conditions (1) are not imposed; and let* 


= 


If new variables &, 7 are introduced by means of the relations 
&§ = z/o, n = y/t, so that, incidentally, d= — dz/o, 
dn = dy/t, and if the function org(z, y) is designated, 
with regard to its dependence on the new variables, by 
@(E, it is found that 


| f free = f fn *@M(E, — 1, 


* Since f g =1, the quantities o and t are the standard deviations 
of x and y, when ¢ is interpreted as a frequency function, if S: “Ly 
7 Sf. yg =O; these last conditions have no bearing on the formal work 
in hand, apart from its statistical interpretation, but they may be thought 
of as included among the conditions imposed on ¢, if it appears that 
the notation is likely to cause confusion otherwise. 


5 
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the integrals being extended over the region of definition 
of ®. A simple substitution has replaced g by a function 
satisfying all the original hypotheses. 

Now let g, while retaining the other properties that 
have been assigned to it, be relieved of the restrictions (1) 
altogether. Let 


It is found by substitution that 


fevs =f = 0. 


As a matter of notation, let x, =, 9(x,y) = g(x’, y’). 
Since the functional determinant of x’ and y’ with respect 
to x and y is 1, three of the above relations may be written 
in the form 


a! dy’ = 0”, y g(x’, = 2”, 
J da' dy’ = 0, 


the range of integration now being that over which g(z’,y’) 
is defined. The present g then corresponds to the function g 
in the preceding paragraph. To obtain a @ satisfying (2), 
it is sufficient to let 


The original variables x,y are expressed in terms of &, 7 
by the equations 


(3) y= 
which are of the general form 
(4) y = den. 


The particular determination of the coefficients specified 
in (3) is only one of an infinite variety of determinations 
which will serve essentially the same purpose. For if § 


B 
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and 7 are subjected to a further transformation defined 
by setting 

P= = Ban, 
where 


and if @(&, y)— O(&' 7’), equations of the form (2) are satisfied 
in terms of the new variables * and 7/, because of the 
equations (2) themselves, in terms of § and 7, and the fact 
that the functional determinant* of the transformation is 
+1. There are accordingly infinitely many transformations 
of the form (4) which yield a @ satisfying (2), if @(&,7) 
is equal to g(x,y) multiplied by the absolute value of the 
determinant of the coefficients. Any transformation (4) ful- 
filling this requirement may be taken as a basis for the 
work that is to follow, and it will be understood that the 
symbols a,,},, a2, b: refer to the coefficients in such a trans- 
formation. 
With this understanding, it is seen at once that 


fee + O(E, n) d&dn = ai +bi, 
firs = ath, 


fev = foe + (ae& + ben) DE, dEdy 
= + 


when the variables of integration are not expressly indicated, 
it is intended always that the integration shall be performed 
with regard to x and y. The equations (4) serve, when the 
function 9 is given, to associate x and y with two points 
P, and P; in the (&,n)-plane, having the coordinates b,) 
and (d2,bz) respectively. Because of the degree of arbitra- 
riness retained by the coefficients in (4), the association may 


* To repeat the familiar proof, 
|e, =! | + Bi @,¢,+8,8, $3 


By 


@, 


Bi Bs 


5* 
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be carried out in an infinite variety of ways, but in all 
cases the expressions 


Wo 


which are themselves independent of the coefficients, represent 
respectively the distance OP,, the distance OP:, and the 
cosine of the angle P,OP;. The last expression, in case 
fag ame = 0, is the coefficient of correlation between 
two variables x and y distributed according to the frequency 
function 9, and a geometric meaning has thus been assigned 
to the correlation coefficient. 

The correspondence that has been established renders 
it possible to prove analytical theorems involving a frequency 
function by the mere interpretation of geometric facts. 
Consider, for example, the problem of determining a co- 
efficient 4 so as to make the value of the integral fg— Ax)* 
a minimum. Since this integral is equal to 


f fra —ha,)& + —4b,)n]* 


it is the square of the distance between the points (Aa, 4b,) 
and (a2, 62). The points (a,,b,) and (ag, bz) have already been 
denoted by P, and P,; let Q stand for the point (Aa,, 40,), 
and @ for the angle P,OP,. Then Q is on the line OP,, 
the distances OQ and OP, being in the ratio of 4 to 1. 
In order that the distance QP; may be a minimum, Q must 
be the foot of the perpendicular from P; on OP,. This 
means that OQ OP, cos0, and 
OQ _ OP, 


= cos 6 
OP, OP, 
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If Sap = Sue = 0, the value of fy being 1 throughout, 
the quantities 


Vr 


are the standard deviations of x and y respectively, while, 
as already mentioned, cos@ =r is the coefficient of corre- 
lation of x and y. With this notation, it is seen that 
4=(c/o)r. The minimum distance QP; is equal to 


OP; sin@ = 


The familiar determination of the coefficient of regression 
of y on x and of the root-mean-square deviation from the 
line of regression will be recognized at once. 


3. Frequency Functions in Three Variables. The geometric 
treatment can be extended to three dimensions without 
difficulty. To begin, as before, with a preliminary inspection 
of a special case, let (x,y,z) be defined throughout a finite 
region of space, continuous, everywhere positive or zero, 
not identically zero, and so constituted that 


(6) few = | xe = 0, 
fo = {29 = {rs = = 1, 


the integrals being triple integrals with regard to z, y, 
and z, extended over the region of definition of gy. If P, 
and P; are two points in space, with coordinates (a, 6,,c) 
and (d2,b2,cz), O being the origin, it is found directly that 
the squares of the distances OP,,OP:, P,P: are represented 
by the integrals 


fax + by+ a2)*y, + bey + 


a,)x+(b,— bi) 


A 
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A. corresponding evaluation of the quotient 
faz + by + (asx+ bay + 9 
(a2+by+ V + bey + 


gives the familiar formula of solid analytic geometry for 
the cosine of the angle P,OP;. 
If the last three equations in (6) are replaced by 


the unit values of the integrals may be restored by setting 


q =y/t, c= z/@, Y; 2) OE, 


If ¢ is not subject to (6) at all, except for the condition 
fo = 1, a reduction may be performed as follows. Let 


a! =x, = f a'yp = pir, 


z= V fis = w’, 


9 (x, y, 2) = g(a’, 2). 


It is readily verified that 

=f y’, 2’) dx’ dy'dz’ 
—{f J = 0. 


It remains to set 
2'/e’, q=y'/t', le’, 
o't'w' g(a’, y’, z’) ¢), 


= 
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and the desired reduction is accomplished; that is, ® has 
the properties that 


ff =, 
J ff = J ff 
= {ff woasana: = o, 
ff ff 
Ff, 


Let it be understood henceforth that 2, y, z are related 
to a new set of variables &, 7, £, by equations of the form 


x= 
y = 
= 


so that the conditions (7) are satisfied, when ®(&, 7, ©) is 
equal to 9(x, y, z) multiplied by the absolute value of the 
determinant of the coefficients. The coefficients may be 
determined by the calculation of the preceding paragraph, 
or in any one of an infinite variety of other ways, the 
passage from one determination to another amounting to 
a rotation of coordinate axes, with or without a reflection 
in one of the coordinate planes. Let the point with coor- 
dinates (a;, b;, ci) be denoted by P;, for i — 1, 2, 3, and 
the origin, as usual, by O. The expressions (5) once more 
represent the distances OP, and OP; and the cosine of the 
angle P,OP:, while the corresponding expressions obtained 
by permuting the variables are to be similarly interpreted. 

A foundation is thus laid for geometric reasoning on a 
more extensive scale. If U and V are any two linear 
combinations of x, y, and z, 
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U = ha+my-+ nz, V = may + nee, 
they can be expressed in the form 
U = AE+Bnt+Cl, V= Ag+ 


and then f U*g is the square of the distance of the point 
(A,, B,,C,) from the origin, (UV) /V is the 
cosine of the angle subtended at the origin by the points 
(A,, B,,C,) and A,, Bz, Cz), and so on. Any linear combi- 
nation of x, y, and z corresponds to a definite point in three- 
dimensional space. 

Suppose 42 and w are determined so as to minimize the 
integrals fi (y—Aax)*p and The points Q, and Q; 
corresponding to dx and wa are on the line OP,, where 
this line is met by the perpendiculars from P, and P3 
respectively. Let u = y—dAz, v = z—pa; the coordinates 
of the points corresponding to u and v are the components 
of the vectors Q.P, and Q;P;. Consequently the expression 
(fuvp)/V (fu®)(fr*g) is equal to the cosine of the dihedral 
angle between the planes P,OP; and P,OP;. If fap SS f YY 
= fee = 0, it is at the same time the coefficient of partial 
correlation between y and z. The geometric figure is exactly 
the same as in the case of a finite number of observations, 
and there is no need of repeating the steps by which the 
coefficients of partial correlation and of double correlation 
are calculated in terms of ordinary correlation coefficients.* 
It may be verified that the determinants 


fol 


represent respectively the square of the area of the 


* Cf. the papers on The trigonometry of correlation and The elementary 
geometry of function space, previously cited. 
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parallelogram determined by OP, and OP;, and the square 
of the volume of the parallelepiped determined by OP,, 
OP;, and OP;. The values of the determinants, which 
have the character of Gramian determinants, are therefore 
always positive.* 


4. Functions Defined over an Infinite Range. As was 
said in the introduction, it is not the purpose of this paper 
to enter into an elaborate discussion of the questions of 
convergence that arise if the frequency functions considered 
are supposed defined and different from zero over an infinite 
range, in a highly arbitrary manner. There is no difficulty, 
however, in arriving at a formulation general enough to 
cover the most important statistical applications. Suppose, 
for example (to concentrate attention on the case of three 
variables), that 

9 (x, y,2)< 


for all values of x, y, and z, K being a constant. Then 
all the integrals that appear in the course of the discussion 
are absolutely convergent, so that the integral over a finite 
region approaches a definite limit as the boundary of the 
region recedes to infinity in any way whatever. To justify 
the transformations of variable in the infinite integrals, it 
is sufficient to carry out the transformations over corre- 
sponding finite regions, a sphere, for example, in one set 
of variables, and an ellipsoid in the other set, and then 
to allow these regions to expand to infinity. Furthermore, 
though this is not essential to the argument, all the triple 
integrals can be evaluated as iterated integrals. 


THe UNIVERSITY OF MINNESOTA 
* The fact that the two-rowed determinant is positive is equivalent 
to the fact that the value of a coefficient of correlation is always 
between —1 and +1. It is to be noticed that the extreme values + 1 
and —1 can not occur, under the hypotheses on which this paper has 
been based; a frequency function corresponding to perfect positive or 
negative correlation is not continuous as a function of the two or 
more variables involved. 
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MATHEMATICS FOR ENGINEERS 


Lezioni di Analisi Matematica. By Guido Fubini. Torino, Societa 
Tipografico-Editrice Nazionale, 1923. viii-+-470 pp. 

Grundriss der Differential Rechnung. By Ludwig Kiepert. Hannover, 
Helwingsche Veriagsbuchhandlung, 1923. viii+-348 pp. II. Band: 
Einige grundlegende Untersuchungen aus der Algebra und Funk- 
tionen von mehreren unabhangigen Verdnderlichen. 


Both of these books were written primarily for engineering and 
technical students. The former follows the course as given in the 
Polytechnic school at Turin, and the latter is written by a trained engi- 
neer for engineering students. It has been remarked so often that our 
scientific students do not know enough mathematics to enable them to 
go very far; particularly is this true of our physicists and engineers. 
A Ph.D. in chemistry complains that he cannot read beyond the first 
hundred pages of Sommerfeld’s Structure of the Atom and Spectral 
Lines, because there is too much mathematics. How far this is true 
may be judged by comparing the mathematical equipment of the above 
courses with one obtained in a calculus course in an American university. 

The present edition of the first book is the fourth; previous editions 
appeared in 1913, 1915, 1920, which indicates its wide use in Italy. 
The difference in content between these texts and our American texts 
is not so marked. There is perhaps a greater emphasis on applications 
of calculus to algebraic problems in these foreign books, but the chief 
difference is in the point of view. 

It is rather strange that we should be laboring under severe handi- 
caps in the teaching of the pivotal course of our mathematical curri- 
culum, the calculus. Our difficulties are two-fold. First, there is in 
vogue, what I may call the “double standard” amongst us. Mathema- 
ticians of repute will not hesitate to pursue a policy in their teaching 
which amounts to keeping their right hands in ignorance of what their 
left hands are doing. Two examples will illustrate this difficulty. An 
author of a calculus text writes in a footnote that the equation in the 
paragraph above “to be strictly accurate” requires some modification. 
Again, how often do we find theorems stated as true, which in the 
proof make use of a uniformity condition, which bobs up serenely from 
nowhere, and which disappears again in applications to nowhere. 

Our second difficulty is that too many of us bury our heads ostrich- 
like in the sand and keep the eyes of our students closed to the 
fundamental assumptions on which the basic principles of the course 
are founded. This tends to superficiality and the “hand-book” method 
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of teaching the calculus. As a student, the reviewer recalls emerging 
from the first calculus course with no other knowledge of what it was 
all about than being able to differentiate x* and integrate x?dx. Our 
first course does not go deeply enough into the facts. 

If the “small zeros” of the engineer are ever to be banished from 
the face of the earth, it will be due to the fact that our teaching will 
from the very beginning have taught him the significance of relative 
size. No opportunity will be given him to form bad mathematical habits 
and to acquire erroneous ideas. No longer will we write equations whose 
only interpretation is “that one variable is approaching another variable 
as a limit”. 

It is quite a contrast to regard the first book, especially, that by 
Fubini, and to see what its bearing is on our situation. The author 
aims at the outset to set forth the fundamental notions of number, 
angle, area and volume. There are no extensive proofs given, but the 
facts are stated correctly and interestingly. There follows about 100 pages 
of algebra, principally the theory of equations, which an American 
student would normally acquire in his freshman or sophomore year. 
The remainder of the book deals with the usual topics of the calculus. 
The meaning of the principles is profusely illustrated by means of 
examples, taken chiefly from tue field of mechanics on account of the 
future interest of the student. The formal work of differentiation is 
not given very much space, but all the essential formulas are devel- 
oped. The applications of the derivative are the usual ones to curve 
sketching,.indeterminate forms, multiple roots of an algebraic equation, 
maxima and minima and points of inflexion. The first and second laws 
of the mean for derivatives are proved. 

The definite integrals, simple and multiple, are introduced by means 
of additive functions of a one-dimensional, two-dimensional, or three- 
dimensional region, as the case may be. The proof for integrability 
is based on an argument which is very similar to the one given by 
the reviewer,* except that Fubini’s theorem; is not as general. His 
final result stated on page 329 requires uniformity and is equivalent 
to Osgood’st form of Duhamel’s theorem. 

The latter half of the course includes what would be included in 


* H. J. Ettlinger, A simple form of Duhamel’s theorem and some 
new applications, AMERICAN MATHEMATICAL MoNTHLY, vol. 29 (1922), 
p. 246 ff. See also a paper by the reviewer, On the integrability of a 
continuous function, AMERICAN MATHEMATICAL MonTHLy, vol. 31 
(1924), p. 319. 

7 Cf. pp. 316-17 and footnote of the book under review. 

t W. F. Osgood, The integral as a limit of a sum and a theorem 
of Duhamel’s, ANNALS OF MATHEMATICS, (2), vol. 4 (1903), pp. 164-65. 
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a course of advanced calculus in this country. The existence theorem 
due to Cauchy for differential equations is stated, but its proof is 
omitted. Space geometry, envelopes, line and surface integrals, trans- 
formation of a double integral, Fourier series, and functions of a 
complex variable are touched upon and treated to a slight extent in 
this part of the book. 

There is one list of problems thirty-nine in number on pp. 55-61 
for the chapter on theory of equations. The exercises in the rest of 
the book are few and far between. It is probably true that long lists 
of calculus problems are available for class use from other independent 
sources. 

The printing of the book is unusually good; only two misprints have 
been noticed. On page 123, near the bottom of the page, the third term 
of the geometric progression should be 1/2? instead of 1/3. On page 170, 
the term 1/x is omitted from the formula for the derivative of log ~. 

The book by Kiepert deals with the applications of the calculus to 
algebra, particularly the solution of equations numerically to any re- 
quired degree of approximation. In the latter half of the book, func- 
tions of several variables are treated with applications to space analytic 
geometry, including what is ordinarily included in differential geometry 
in this country. 

Throughout the book the complete solution of a great many examples 
is given to illustrate the principles used. The last chapter is devoted 
to maxima and minima of functions of several variables. There is a 
summary of the important formulas proved in this volume at the end 
of the book. 

The plan of both of these books commends itself very highly to those 
who are desirous of improving the teaching of the calculus not alone 
for those who use mathematics as a tool, but also for those whom we 
may look to as the future searchers after mathematical truth. 


H. J. ErrLincer 


| 
| 
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STUDY ON VECTORS AND INVARIANTS 


Einleitung in die Theorie der Invarianten linearer Transformationen 
auf Grund der Vektorenrechnung. Erster Teil. By E. Study. 
Braunschweig, Vieweg und Sobn, 1923. 268 pp. 

Like other writings of Professor Study the present work is interest- 
ing from several different angles. It is a development of the theory 
of invariants of ternary forms, based upon what he calls vectors; it 
is an exposition of his thesis that mathematics is the study* of 
“natural (positive, integral) numbers and everything which can be 
based upon them, but nothing else”; it is a running commentary and 
criticism of many things and many mathematicians, One needs 
occasionally a background of other papers of his dealing with questions 
of a semi-philosophical character. He particularly takes to task the 
investigators who have developed systems of vector analysis because 
they have not contented themselves with utilising the theory of invari- 
ants, as developed by Clebsch, Aronhold, etc. He says (p. 3) “Whether 
one develops vector analysis for the sake of its applications or as a 
self-contained discipline, there must always come first, as stated, a 
consideration of certain topics of algebra, namely invariants of certain 
groups of linear transformations: all expressions considered are invari- 
ants of orthogonal transformations, or invariants of groups closely 
related to the group of orthogonal transformations. But for more than 
fifty years we have had a highly developed theory of the group of all 
linear transformations, and for more than twenty-five years at least 
the fundamentals of a theory of invariants of the other groups just 
referred to (Ges. Wiss. Lerpzic, Matu.-Puys. 1897, p. 443 ff.). But 
not a glimmer of light seems to have fallen from these investigations 
upon the highly beloved “Vector Analysis” of today. Indeed old 
problems have been handled as if never treated before, and we-are 
thus lagging far behind what has long been a guaranteed possession 
of the science. So far as I know, the question is never raised in such 
writings, as to what are all possible algebraic, and in particular, 
rational, invariants of these groups; and yet there can be no doubt 
that this is the problem, which from the very nature of things, lies at 
the heart of the matter.” And again “As for the majority of authors 
it is not evident that they lived in a generation when the theory of 
groups was in full bloom. We even see the algorithm of H. Grassmann, 
which was a mark of progress in his own time, and which stands as 
a monument to his originality, yet which has long ago been absorbed 
into the more profound theory of invariants, hailed as the acme of the 
attainable, or even as a panacea, which certainly it is not; while on the 


* Mathematik and Physik, p. 6. 
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other hand algebraists like Aronhold and Clebsch, who, differing from 
their predecessors, have set out from precisely stated problems, and 
have gone much farther, do not seem to have existed for these same 
authors. In short we are behind the times, and nothing less.” 

The Introduction, of twelve full pages, is labeled “Problems and 
methods”, and is an insistence upon the importance of problems and 
the relative unimportance of methods. “Those who construct vector 
analysis and related algorithms whose essence is method (extensive 
algebra, calculus of matrices, quaternions, etc.) usually consider their 
subject-matter as a world in itself. Doubtless there is much justifi- 
eation for this. Such a claim and the related desire for purity of 
method contain a wholesome pressure towards thoroughness”. There 
are esthetic considerations but there is also the usefulness and ease 
of manipulation of an algorithm to be taken into account. A happy 
notation is a great advantage in the progress of a new branch of 
mathematics, but for that very reason one must hesitate to introduce 
novelties merely for their own sake, or from a mere desire not to 
“violate the spirit of the order”. The reader will not usually learn 
a new notation thoroughly, and will in the end give up trying to 
translate it into what he is familiar with. This also has to be said 
with regard to the invention of new terms, as, for instance, calling 
ternary bilinear forms, or the system of coefficients that belong to 
such a form, by the new terms: tensor of the second kind, affinor, 
dyadic, tensortriple, complete dyad, asymmetric tensor, diatensor, vector 
homography, and special terms related, as deviator, antitensor, axiator, 
idemfactor, versor, perversor, etc. And “what has long been sought 
in vector calculus—a system of symbols most convenient for the 
subject,—has been in existence a long time, in a form much more 
convenient than anything devised since by the various partisans. I 
shall make use here with minor alterations (whose motive should not 
be ‘missed) of the notation based upon the older theory of invariants 
of linear transformations, which is uniquely determined in all essentials 
by the subject itself. A special notation for vectors, which only too 
easily may become an obstacle in the free road, seems to me super- 
fluous if not harmful. The ‘world for itself’ will nevertheless come 
into its full rights.” Professor Study thus comes to the conclusion 
that the problems of vector calculus are merely invariant problems, 
and the methods of invariants are the most satisfactory for all purposes 
of vectors. Thus the raison d’étre of vector algorithms has disappeared! 

Professor Study also has no uncertain opinion with regard to many 
ideas of many mathematicians. On page 3, Grassmann is said to have 
been “absorbed”. On page 4 an unnamed writer* is criticised for apologiz- 


* See Weyl, MATHEMATISCHE ZEITSCHRIFT, vol. 20 (1924), p. 131. 


1925. ] STUDY ON VECTORS 19 


ing for the deluge of formulas he introduces. On page 5 another 
unnamed writer is criticised for his remark relative to Hilbert’s theorem 
on the finiteness of systems of forms: “How fine that we need not 
bother any more with invariants.” One must feel that perhaps the 
point was missed. On page 8, Boltzmann is mentioned as saying: 
“One should leave elegance to cobblers and tailors”. On page 11, Beck 
is criticised for his Coordinate Geometry, though he certainly is in 
sympathy with Study’s ideas. On page 19 and page 21, Lie is mentioned 
as illogical for his term “continuous group”, since Study desires to 
use the term in another sense. On page 52, Coolidge gets favorable 
mention, as do Veblen and Young on page 59. On page 101, Grassmann’s 
Liickenprodukte are condemned. On the same page the mathematical 
ability of Einstein is questioned, and Weyl’s notations are condemned. 
On page 118, the right of authors to invent terms is questioned. On 
page 127, Frobenius comes in for a share of criticism, along with 
unnamed mathematicians who use the English language, and spend 
time on hypernumbers. The criticism of Frobenius’ standpoint extends 
over to page 129. On page 238, authors of analytic geometries are 
criticised. On page 257, Rabinovitch and the Italian school get their deserts. 

Professor Study’s definitions remove geometry from the study of 
space, as usually conceived, completely. For him a point is merely 
a triplex of numbers, or in general a multiplex of N numbers, and a 
vector is precisely the same thing. The term multiplex, it may be 
explained, means a set of numbers in a specified order. It is exactly 
the idea of Hamilton over again, who first dealt with couples, then 
with “sets” of numbers. Of course Study would and does repudiate 
the Hamilton relation of number to “time”, but as a matter of fact 
Hamilton’s “time” is nothing more than the linear continuum. He does 
not point out, however, that it was Hamilton who first made a study 
of the couple, multiplex set, etc., as an entity. He did not call it a 
vector, defining (for the first time) this to mean a geometric segment 
with a definite direction. One who insists on the correct use of established 
terminology should have retained the very useful terms of Hamilton. 
The reviewer agrees perfectly with Professor Study that good existing 
terminologies should be preserved, and new ones avoided; therefore he 
desires Professor Study to follow the same caution. The same remark 
applies to changing the terminology of Lie. And it is to be noted 
further that one does not escape axioms and postulates by merely 
referring everything to the system of natural numbers. If that were 
possible he could go still further and start with Whitehead and Russell’s 
Principia. We might grant that it is possible to set up a useful 
isomorphism between points or vectors in space and triplexes, but it 
is easily evident that the isomorphism will work both ways, and that 
arithmetic can be based upon space just as much as space can be based 
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upon arithmetic. A good deal of so-called simplification and “going 
to the foundations” consists in substituting one abstraction for another. 

But we also have a conviction that the theory of vectors is not the 
same by any means as the theory of invariants. Professor Study seems 
to have forgotten the origin of quaternions, and from it that of the 
various systems of vectors. If one reads Hamilton carefully he will 
find that Hamilton was concerned with the extensions of number along 
the lines of algebra, starting with negative numbers and the so-called 
imaginary. In other words he was studying the theory of hypernumbers 
and made considerable progress along this line. These are not invariants, 
any more than other numbers are invariants, and their development 
antedates that of invariants by several years. The idea of linear trans- 
formations was superimposed upon them and is not the outcome of their 
study. It is only in a very superficial sense that one could consider 
that the idea of negative, or of ]/ —1, was an outcome of natural 
number. These notions may be called with some justification an outcome 
of operations upon number, but operations upon number and number 
itself are very different entities. Further to represent |/ —1 as a 
linear substitution, as Peano does, is again only an isomorphism, 
and should not be confused with an identity. Keeping this in mind 
we will see that a system of vectors is a system of algebraic numbers 
in an extended sense, and all formulas are algebraic formulas, when 
algebra is thus understood. They do not primarily deal with multiplezes 
at all* A quaternion is an algebraic number of the type of the ordinary 
complex number, and so long as we deal only with its powers and their 
combinations with positive and negative numbers, a quaternion differs 
in no sense from a complex number. Further it is an individual entity 
and not a set of four numbers. This Hamilton very well understood 
though he used sets of four positive or negative numbers in the various 
representations of quaternions. When this fact is clearly understood 
all the nonsense about geometric numbers and the like vanishes. The ex- 
pressions in the formulas of such hypernumbers are not there because 
of certain invariancies, but because of the properties of these algebraic 
numbers. That they turn out to be invariants for orthogonal or other 
transformations of the so-called coefficients is due to such facts as that 
in any quaternion formula as Sef, or Sqr, we have such relations as 

S-tet tpt = S-tqttrt— = Sqr. 

Therefore when Professor Study laments the fact that investigators 
have not tried to list the sets of “fundamental invariants” he might as 
well be concerned over the fact that not much study has been made 


* The ,,multiplex” character means merely that from one equation 
between vectors arise an infinity of equations between ordinary numbers, 
all dependent on any N of the set which are linearly independent. 
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of the arithmetics that are developed in such hypernumber systems, 
though the latter line of development is now started by Dickson. Hence 
the charge that the theory of invariants has not existed for such 
investigators is not well-founded. And further in the application of 
such hypernumbers ‘to geometric problems no concern need be felt over 
invariants, for where the expressions do not depend upon coordinate 
planes, they are ipso facto all invariant expressions. The reviewer has 
pointed this out elsewhere* with reference to the Einstein relativity 
theory, showing that when such theory is stated in terms of an 

N-dimensional vector calculus, there are no coordinates involved, hence 

a change of coordinate references has nothing to do with the problem. 

The thesis that all physical phenomena should be so represented that 

the same expressions will hold whatever the system of coordinates is 

actually realised by removing all systems of coordinates. Indeed the 
difficulties dragged in by coordinates have no business there at all. 

And to assert, as Professor Study does, that there is no geometry of 

a sound logical character without coordinates, is to ignore the whole 

of Euclid, or any other system of synthetic geometry. And to assert 

further that this is mixing up the phenomenal world, and questions of epis- 
temology, with geometry, is to show that one has not yet clearly seen 
what is going on in the study of synthetic geometry. Space forbids 
entering into a full explanation, but we may point out that the mind 
studies many types of ideal or non-material “constructions”, and among 
these we find the ones that enter geometry alongside of the ‘“arith- 
metic”, and one has the same kind of reality or validity as the other. 

The reviewer is quite well aware of all the notions that have clung 
to that of vector calculus, and has always maintained that those systems 
that were mere shorthand or symbolisms for coordinate expressions 
were not worthy the name of vector calculus. Nothing can be 
accomplished by them which cannot also be done equally well without 
them, and in so far Professor Study is right in insisting that if one 
utilises the algebra of invariants he can get along just as well. There 

is of course some small gam in the use of the vectors but it is a 

matter of taste whether one prefers to write either of the two sets 

of expressions (the first is Study’s, the second is quaternions) 

(AP) or m; (g), (AP’) (A’P) or m, (g”), (AP’) (A’P”) (A"P) or (¢"), 
4(4A’A") (PP’P”) or ms(g), (XU) or Spt, (XA) (PU) or Spgr, 
(XA) (PA’) or Spy*r, }(XPP’) (AA'U) or Spy(y)r, (SX)? 

or Spgpg’p, (SU)* or etc. 

One form is no more intelligible than the other, and expresses no more 

than the other so long as we are planting our feet on the artificial 


* General vector algebra, TRANSACTIONS OF THIS SocIETY, vol. 24 
(1922), pp. 195-244. 
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ground of coordinates. But when we remember that the invariant 
symbols have no meaning for metrical work till the coordinate planes 
are given and the coordinates known, while the quaternion symbols 
are directly interpretable without any such artificial reference, the two 
sets come to have a quite different significance. There is at least as 
much advantage in the quaternion case as in the use of trigonometric 
solutions over these of rectangular coordinate geometry. 

The essence of the matter is that when one is looking at every 
problem in geometry from the projective point of view, then projective 
invariants will be useful. When, however, he is looking at geometry 
from the metric point of view, then the direct metric analysis is far 
more advantageous. To use the artificial relations Study has on pages 35 
et seq. is to be forgetful of the fact that mathematics is not so poverty- 
struck as to possess but one garment. 

In order to be absolutely clear and definite, a word will not be amiss 
as to the significance of expressions to a quaternionist (whatever they 
may mean to others who merely dabble in vector analysis). The expression 

SeB means the lengths of « and £ multiplied by the cosine of 
their exterior angle; 

Vef means the vector perpendicular positively to the plane «, £, 
whose length is the product of their lengths by the sine of 
the exterior angle; 

Say is the volume of the parallelepiped whose edges are «, £, 7’; 
gp is a linear vector function of p, that is, is such that we have 
(za + yf) = + 

In other words Saf does not mean —ax—by—cz, SaBy does not mean 
a three-rowed determinant, etc. This is what vector analysts like 
Burali-Forti and Marcolongo and their predecessors mean by “autonomous 
expressions’’, in the sense of not being related in any way to coordinate 
systems. Apparently some men have not yet seized this simple idea. 

As far as the work before us has a constructive purpose,—that of 
developing a systematic text which shall be an introduction or even a 
manual of the theory of invariants under the linear homogeneous group 
or some of its subgroups, using the notion of triplex as a foundation,— 
we find a successful accomplishment of the purpose. The author has 
shown, what other writers on invariants have not, that invariants can 
be used, together with the symbolic notation peculiar to invariants, for- 
the study of any geometric problems expressible by ternary forms. 
In a succeeding volume he expects to continue into n-ary forms. 
Professor Study has memoirs of long standing on these subjects, and 
has produced a very satisfactory book for these uses. A detailed list 
of contents is not necessary; the treatment is quite complete. If any 
book can resurrect the theory of invariants this one will. 

J. B. 
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Cours d’ Analyse Infinitésimale. By Ch. J. de la Vallée Poussin. Vol. I, 

5th ed. Paris, Gauthier-Villars, 1923. 

An earlier edition of this Cours was reviewed in this BULLETIN of 
1915. This latest edition has been very largely recast and the first 
volume only deals with the classic topics treated in the standard French 
Cours. The matter printed in large type in the older editions constitutes 
the bulk of this volume and only Riemann integrals are considered. 
The material referring to point-set theory, measurable functions and 
Lebesgue integrals which was printed in small type in the old edition 
will find place in a subsequent volume. 

This arrangement seems much better than the old one for it will 
permit of a homogeneous development more in harmony with the 
historical evolution of the ideas involved. 

Even in following the conventional order of the French treatises, de la 
Vallée-Poussin displays his usual elegance and simplicity of presen- 
tation so that the most hackneyed matters acquire a new interest. Thus 
on page 39 will be found a neat and simple proof that the familiar 
functional equations 

C@ty) = 
have unique solutions of the form f(a) = ax and @(x) = A” provided 
f and @ are borné in an arbitrarily small interval (0, e). 

The treatment of indeterminate forms is the best the reviewer knows 
of and extremes of functions of one or more variables are carefully 
handled. 

Chapter III on derivatives and differentials of functions of several 
variables is extremely well done and the conditions of Young and Schwarz 
for the inversion of the order of derivation are neatly and briefly 
established. 

Even the usually arid subject of formal integration gains with his 
deft treatment an elegance and beauty rarely found in text books on 
the calculus. Multiple integrals, change of variable, the theorems of 
Green and Stokes are carefully treated and conventions of sign, so 
often loosely passed over, are fully gone into. Attention is called to 
the clever evaluation of the error in Simpson’s rule. 

The book ends with a chapter on series where the usual tests in- 
cluding Kummer’s are set forth. In conclusion it may be said that 
this is one of the most valuable handbooks on modern analysis in any 
language and an English translation of it would be a welcome addition 


to our literature of the subject. 
M. B. Porter 
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Lezioni sulla Teoria dei Numeri Algebrici. By Luigi Bianchi, Bologna, 

Nicola Zanichelli, 1923, 640 pp. 

After an examination of the contents of this book the reviewer 
feels that it serves a double purpose. On account of the very 
comprehensive treatment of the subject the book is an excellent work 
for reference. Moreover, on account of the manner in which the author 
coordinates the various notions used in the development, it will un- 
doubtedly prove an excellent work for any one who wishes to gain a 
clear insight into the theory of algebraic numbers. 

A brief résumé of the contents of the various chapters will serve 
to show the ground covered and also to give an idea of how the 
various topies are correlated in the development. 

Chapter one deals with the elements of the theory of matrices and 
their applications to systems of linear equations and systems of linear 
forms. It also contains a brief study of forms relative to a modular 
system (f1, f2,..-,fn) where the f: are linear forms. This leads to 
the proof of Minkowski’s well known theorem regarding linear forms. 
Some space is devoted to the geometric interpretation. 

In the second chapter the author develops the elements of the 
theory of numbers for the Gaussian field k(),(i?——1). This 
development contains the proofs of the fundamental theorems whose 
generalizations are contained in the succeeding chapters. The chapter 
concludes with the consideration of further examples of quadratic 
number fields, showing how the law of unique factorization, which 
was seen to hold for k(i), breaks down. 

The third chapter contains the development of the algebraic side 
of the general theory of algebraic number fields. 

Chapter four is devoted to the theory of units in an algebraic 
number field. The author shows the existence of units, and of funda- 
mental systems of units. 

The fifth chapter contains the development of the theory of ideals 
and chapter six is devoted to congruences with respect to an ideal 
modulus with special consideration of prime ideal moduli. In this 
connection the author treats the subject of quadratic residues which 
he has already treated, in Chapter 2, for the field k(i). Quadratic 
residues in a quadratic field are given special consideration. 

Chapter seven contains the theory of equivalence of ideals and the 
separation of ideals into classes. The group of classes and its in- 
variants are studied and a proof of the finiteness of the number of 
classes is given. This chapter also contains a consideration of the 
correspondence between ideals and decomposable forms and the relations 
between classes of ideals and classes of forms, and the multiplication 
of ideals and composition of forms. 

Chapter eight contains the proofs of the general theorems regarding 
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the factorization of the rational primes in an algebraic number field 
and its relation to the decomposition of f(a) with respect to the 
modulus p, where f(x) =0 is an equation one of whose roots generates 
the field. The last part of the chapter considers the prime factors 
of the field discriminant and also the factorization of the rational 
primes in cyclotomic fields. 

The first part of chapter nine contains the theory of orders (Dede- 
kind, Ordnung; Hilbert, Ring) in a field, and the ideals of any order. 
The second part of the chapter is devoted to Galois domains and 
their sub-domains. 

Chapter ten deals with the analytic theory of algebraic numbers 
and develops the transcendental expression for the number of classes 
of ideals in a field. 

Chapter eleven contains the development of the expression for the 
number of classes of the quadratic and cyclotomic fields and the proof of 
Dirichlet’s theorem regarding arithmetic progressions. 

G. E. WAHLIN 


Report on Radiation and the Quantum-Theory. By J. H. Jeans. London, 
Fleetway Press, Ltd., 1924. 86 pp. 


The first edition of this report was written in 1914 and was published 
by the Physical Society of London. In preparing the new edition the 
writer has omitted some of the parts in which he says there is an 
apologia for the defects and inconsistencies of the theory and has 
made numerous additions which add to the charm and lucidity of the 
presentation. The author’s remark “that the quantum theory need no 
longer be considered on the defensive” aptly describes the present 
situation; in fact some writers have a feeling that the x ei must 
now be made for the classical electrodynamics. 

In the first chapter Jeans points out that the smallness of the total 
density of radiant energy in temperature-equilibrium with matter 
compared with that of the heat-energy in the matter cannot be 
explained on the basis of Newtonian mechanics or by a supposed 
analogy with a vibrating elastic system immersed in a fluid such as 
air or water, for it is known by experience that the energy of the 
elastic system is finally transformed into heat energy of the fluid. The 
relative smallness of the density of the radiation at 0° C is quite 
startling in the case cited, being 4X10-* ergs per cubic centimeter as 
compared with 810° ergs per cubic centimeter in the matter. 

In the next chapter it is shown how the classical electrodynamics 
in combination with the kinetic theory of gases leads to the radiation 
formula which is associated with the names of Rayleigh and Jeans. 

This formula is correct in the region of long wave-lengths or at 
very high temperatures when the density of radiation is very large 
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and one of the guiding principles of quantum theory in its later 
developments is that a formula of quantum theory should reduce to 
that given by the classical theory under the conditions just mentioned. 

Jeans then gives an account of the development of the quantum- 
theory, describing, in particular, the derivation of Planck’s formula 
which was given by Einstein and the investigations of Poincaré and 
Fowler regarding the nature of the laws of motion that can lead to 
Planck’s formula. 

Chapters IV and V are devoted to Bohr’s theory of spectra and to 
Einstein’s theory of the photoelectric effect while Chapter VI contains 
an account of Debye’s theory of the specific heat of solids. Much 
additional matter is contained in Chapter VII which deals with the 
dynamics of the quantum theory. The articles oz conditionally periodic 
systems and Bohr’s principle of correspondence will be found useful 
as an introduction to the more complete works mentioned in the text. 

The report ends with a short discussion of the physical basis for the 
quantum theory in which the views expressed are practically the same 
as in the first edition. The idea of light-quanta is regarded with 
disfavor but it is perhaps unfortunate that the new report should 
have been completed just when a big development of the theory of 
light-quanta was taking place. The beautiful discoveries of Compton 
and Duane have shown that the phenomena of the scattering and 
diffraction of X-rays are not incompatible with the idea of light- 
quanta and the development of the idea of light-molecules by Wolfke, 
Bothe and de Broglie has shown that Planck’s law of radiation is indeed 
obtained by slight modifications of arguments which previously led to 
Wien’s law. Thus Pauli’s remarkable application of the Compton- 
Debye theory of scattering to the equilibrium between free electrons 
and cavity radiation has been completed in this way by Bothe and 
Schrédinger and it now appears that the distribution of energy among 
the different wave-lengths may be unaltered by collisions of various 
types, including even the collisions between waves of light and sound 


which were considered first by Brillouin. 
H. BATEMAN 


Bibliographie des Déterminants a plus de Deux Dimensions. By 
Maurice Lecat. Louvain, 1924. 16 pp. 


Those interested in determinants will welcome this short biblio- 
graphy by an author who has made the subject peculiarly his own. 
It consists of three parts; a bibliography with 121 entries arranged 
alphabetically, an interesting chronological table, and a list of minor 
contributions to the subject. It is worthy of note that 50 out of the 


titles listed are by M. Lecat himself. 
J. H. M. WeEDDERBURN 
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Handy Methods of Geodetic Astronomy for Land Surveyors. By T. G. 
Gribble. London, Potter, 1921. 27 pp. 


The particular feature of this pamphlet is to show how, “by means 
of some rapidly made diagrams, the stars available at any time and 
place can be at once identified, and their observation facilitated”. Two 
sets of diagrams are used: I. Diagrams for a fixed latitude, II. Diagrams 
for all latitudes. 

Under I, the variable laid off horizontally is the declination of the 
celestial body in question, its altitude, azimuth or hour angle being 
laid off vertically. Curves are shown giving for objects of various 
declinations (a) the altitude when on the meridian, (6) the altitude and 
hour angle when in azimuth 90° E or W, (c) the altitude and azimuth 
when in hour angle 90°, (d) the altitude, azimuth and hour angle of 
a circumpolar star at elongation. 

Under II, the variable laid off horizontally is again the declination, 
and two sets of curves, for various latitudes at intervals of 5°, are 
drawn giving for objects of different declinations (a) the altitude and 
hour angle of objects due east or due west, (b) the altitude and azimuth 
of objects whose hour angle is six hours, (c) the altitude, azimuth and 
hour angle of circumpolar stars at elongation. 

The curves are sketched in the usual way through points whose 
positions have been computed by the usual formulas of spherical tri- 
gonometry. It is suggested that a 20-inch slide rule be used for this 
computation and that the diagrams be drawn on a large scale. The 
method has the advantages and disadvantages always associated with 
graphical methods. The general relations involved are clearly shown, 
but it is doubtful whether sufficiently accurate values could be obtained 
in this way, and the labor involved in the construction of the diagrams 


would be considerable. 
C. H. Currier 


Differential Equations in Applied Chemistry. By F. L. Hitchcock and 
C. S. Robinson. New York, Wiley and Sons, 1923. vi-+110 pp. 


The purpose of this little text is to introduce the student in chemistry 
to the processes of building up differential equations where he has to 
use them, and to carry out the integrations necessary for the complete 
solution. It is full of examples from the subject and will be interesting 
for this reason to the student of mathematics as well. The actual 
equations solved belong to a very limited number of types but are of 
the kind a chemist meets. The book fills a gap in this part of applied 
mathematics. Its importance to the physical chemist depends upon what 


the latter has as his goal. 
J. B. 
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The Alpha, Beta, Gamma Navigation Tables. By H.B.Goodwin. London, 

Potter, 1921. 4-+54 pp. 

The Alpha and Beta Tables, arranged in parallel columns, give re- 
spectively the natural cosines and logarithmic cosines of angles at inter- 
vals of 1’ from 0° to 90°. They are intended for use in cases where 
formulas of the type cos z= cos a+ cos b where a and b are given 
and log cos z is required for further computation. To facilitate the 
addition or subtraction of the natural cosines of a and b, each natural 
cosine in the tables has been multiplied by 1,000, and the resulting 
product it regarded as so many seconds of arc. Thus cos 60° =- 500, 
which is regarded as 500 seconds of arc, and is given in the table as 
8' 20". It is claimed that it is easier to add or subtract quantities 
thus expressed in minutes and seconds of arc than to add or subtract 
four-place decimals, and this claim seems reasonable. After the natural 
cosines have been combined in this way, the parallel column arrangement 
makes it possible to get at once the logarithmic cosine of z without 
the trouble of taking out the angle itself and looking up its logarithmic 
cosine in a separate table. 

The Gamma Tables give the value of the logarithm of 1/vers h 
(where h is the hour angle) to four decimal places for values of h between 
0 hours and 24 hours at intervals of 5 seconds. It is claimed that 
these tables simplify the solution of the problem of fixing a ship’s 
position either by the Marcq system or by the older Sumner process. 
More generally they facilitate the solution of problems which involve 
the two cases of spherical trigonometry: 

(1) Given three sides of a triangle to find an angle. 
(2) Given two sides and the included angle to find the third side. 

In both these cases the necessary formulas can be reduced to forms 
involving the sums and differences of cosines, and 1/vers h. 


C. H. CurRIER 


Zentral-Perspektive, by Hans Freyberger. Revised by J. Vonderlinn. 
Sammlung Géschen, No. 57, 2d edition, Berlin and Leipzig, Walter 
de Gruyter & Co. 1923. 148 pp. 

This little book originally written by an architect, emphasises the 
practical and artistic aspect of the subject and may very well serve 
as a first introduction to this fascinating chapter of applied geometry. 
The figures are well drawn and the exercises well selected, so that 
the reader who wishes to acquire a working knowledge of perspective 
can readily accomplish this by reconstructing the figures on a larger 
seale in connection with a comprehensive study of the text. 


ARNOLD EmMcH 
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NOTES 


The second number of volume 26 of the TRANSACTIONS OF THIS 
Socrery (April, 1924) contains the following papers: On the expansion 
of analytic functions in series of polynomials, by J. L. Walsh; 
Operations with respect to which the elements of a boolean algebra 
form a group, by B. A. Bernstein; Isometric W-surfaces, by W. C. 
Graustein; Space time continua of perfect fluids in general relativity, 
by L. P. Eisenhart; Equivalent rational substitutions, by J. F. Ritt; 
Extension of Bernstein’s theorem to Sturm-Liouville sums, by E. Carlson; 
An existence theorem, by E. Hille; On the complete independence of the 
postulates for betweenness, by W. E. Van de Walle; A new set of 
postulates for betweenness, with proof of complete independence, by 
E. V. Huntington. 

The third number of volume 46 of the AMERICAN JOURNAL OF 
MATHEMATICS contains: Geometric aspects of the abelian modular 
Sunctions of genus four, by A.B. Coble; The curve of ambience, by 
F. Morley; On a class of invariant subgroups of the conformal and 
projective groups in function space, by I. A. Barnett. 

The second number of volume 25, series 2, of the ANNALS OF 
MATHEMATICS contains: A contribution to the theory of closed chains, 
by A. Arwin; On the characterization of the set of points of A-con- 
tinuity, by H. Blumberg; On the Ampére-Cauchy derived functions, 
by H. L. Smith; Note on certain seminvariants of n-lines, by L. P. 
Copeland; The Fredholm theory of Stieltjes integral equations, by 
C. A. Fischer; Rectilinear congruences referred to special surfaces, 
by M. C. Foster; Parallel propagation of a vector around an infinit- 
esimal circuit in an affine manifold, by J. L. Synge. 

In 1918 the Mathematical Society of Charkow found it impossible 
to continue the publication of its Communications. After an interval 
of more than five years a new journal has now been founded, under 
the auspices of this Society and edited by Professor S. Bernstein; it is 
called SEcTION MATHEMATIQUE DES ANNALES SCIENTIFIQUES DES 
Institutions SAVANTES DE L’UKRAINE. 


Another new mathematical journal, ARCHIMEDE, RASSEGNA 
BIMESTRALE DI MATEMATICA, FistcA E INGEGNERIA, has recently 
been founded at Palermo, as the organ of the Societa Universitaria di 
Scienze Matematiche. It is edited by G. Priulla. 


At the meeting of the British Association for the Advancement of 
Science at Toronto in August, 1924, Professor Horace Lamb was 
elected president, for the meeting to be held in Southampton in 1925. 
Sir W. H. Bragg, as president of the section of mathematical and 
physical sciences, delivered an address on Crystal structure. On the 
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occasion of this meeting, the University of Toronte conferred the 
honorary degree of doctor of science on Sir Ernest Rutherford, retiring 
president of the Association. 

Among the officers of the National Research Council for 1924-25 
are the following: Dr. G. E. Hale, honorary chairman; Professor A. A. 
Michelson, first vice-chairman; Professor R. A. Millikan, third vice- 
chairman and chairman of the division of foreign relations; Professor 
J.S. Ames, chairman of the division of physical sciences. 

Professor J. C. McLennan, of the University of Toronto, has been 
elected president of the Royal Society of Canada. 

On the occasion of his seventy-fifth birthday, Professor Felix Klein 
was elected honorary member of the Deutsche Mathematiker-Ver- 
einigung and of the Gesellschaft fiir angewandte Mathematik und 
Mechanik, and received the honorary degree of doctor rerum politicarum 
from the University of Berlin. 

Professor R. A. Millikan, of the California Institute of Technology, 
has received the honorary degree of doctor of science from Trinity 
College, Dublin. 

Professor A. S. Eddington, of Cambridge University, has been elected 
an honorary member of the American Astronomical Society. 

Professor M. I. Pupin, of Columbia University, has received the 
honorary degree of doctor of science from Princeton University. 

The private scientific library of the late Professor A. G. Webster, 
of Clark University, has been purchased by the Riverbank Laboratories, 
Geneva, Illinois, and is now housed there as a separate collection. 

The two Benjamin Peirce Instructorships in Mathematics at Harvard 
University (see this vol. 21, p. 315) are again open for 
general competition. Applications for the year 1925-26, accompanied 
by the necessary papers, should reach Professor Birkhoff not later than 
February 15, 1925, and all inquiries relating to these appointments 
should be addressed to him. 

Professors M. Amaldi, of the University of Padua, and L. Silla, of 
the University of Genoa, have been transferred to the Higher School 
of Architecture, recently established at Rome. 

Associate Professor R. Wavre has been promoted to a full professor- 
ship at the University of Geneva. 

The following have been admitted as privat-docents: D. Gigli, at 
the University of Pavia; A. Hammerstein, at the University of Berlin. 

Dr. B. B. Baker, of the University of Edinburgh, has been appointed 
professor of mathematics at Royal Holloway College, University of London. 

Dr. S. Brodetsky, of the University of Leeds, has been promoted 
to the chair of applied mathematics. 
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Professor Sydney Chapman, of the University of Manchester, has 
been appointed successor to Professor A. N. Whitehead as chief pro- 
fessor of mathematics at the Imperial College of Science and Techno- 
logy, South Kensington. 

Dr. T. M. Cherry has been appointed associate professor of applied 
mathematics at the University of Manchester. 

Mr. E. A. Milne, of the Solar Physics Laboratory at Cambridge, has 
been appointed to the Beyer chair of applied mathematics at the 
University of Manchester. 

Miss Katherine S. Arnold, for the past three years professor of 
mathematics at Constantinople Woman’s College, has been appointed 
a member of the administrative staff of the American Association of 
University Women, effective September, 1924. 

Mr. E. F. Baxter has been appointed assistant lecturer in mathematics 
at the University of Sheffield. 

At Bryn Mawr College, Professor Charlotte A. Scott has retired; 
she is succeeded as head of the department of mathematics by Professor 
Anna J. Pell. Dr. D. V. Widder has been appointed associate in 
mathematics. 

Mrs. Ethelwyn R. Beckwith has been appointed professor of mathe- 
matics at the College for Women, Western Reserve University, for 1924-25, 
to serve during the sabbatical leave of Professor Anna H. Palmié. 

Dr. H. E. Bray, of Rice Institute, has been promoted to an assistant 
professorship of mathematics. 

Miss Evelyn T. Carroll, of Wells College, has been promoted to an 
assistant professorship of mathematics. 

Professor E. C. Coker, of Winthrop College, has been appointed 
professor of mathematics and astronomy at the University of South 
Carolina. 

Assistant Professor A. R. Crathorne, of the University of Illinois, 
has been promoted to an associate professorship of mathematics. 

Professor Ira M. De Long, who retires this year, on a Carnegie 
pension, as Professor and Head of the Department of Mathematics at 
the University of Colorado, has been elected President of the Mercan- 
tile Bank and Trust Company of Boulder, Colorado. 

Miss Leslie Gaylord, of Agnes- Scott College, has been promoted 
to an assistant professorship of mathematics. 

Assistant Professor Lachlan Gilchrist, of the University of Toronto, 
has been promoted to an associate professorship of physics. 

Assistant Professor W. H. Hill, of the State Teachers’ College of 
Pittsburg, Kansas, has been promoted to an associate professorship 
of mathematics. 


92 NOTES [Jan.-Feb., 


Professor J. M. Howie, of Alma College, has been appointed head 
of the department of mathematics at Nebraska Wesleyan University. 

Dr. J. H. Jeans, of Cambridge University, has been appointed 
research associate at Mount Wilson Observatory. 

Associate Professor A. S. Merrill, of the University of Montana, has 
been promoted to a full professorship of mathematics. 

Miss Georgia E. Robinson, of the University of Missouri, has been 
appointed acting head of the department of mathematics at Shorter 
College, Rome, Georgia. 

Mr. J.C. Tinner has been appointed professor of mathematics at 
Wilberforce University. 

_ Mr. W. M. Whyburn, of the South Park Junior College, Beaumont, 
Texas, has been appointed assistant professor of mathematics at Texas 
Agricultural and Mechanical College. 

The following appointments to instructorships are announced: 

Amherst College, Mr. C. S. Porter; 

Brooklyn Polytechnic Institute, Mr. D. H. MacPherson; 

Bryn Mawr College, Miss Anna M. Lehr; 

Coker College, Miss Nellie C. Stokes; 

Colorado School of Mines, Mr. E. P. Martinson; 

Cornell University, Mr. H. A. Hoover; 

University of Iowa (astronomy) Dr. D. H. Menzel; 

Hood College, Miss Evelyn P. Wiggin; 

Lehigh University, Mr. C. A. Balof; 

University of Oklahoma, Mr. A. E. Anderson; 

Pardue University, Mr. J. C. Bennett; 

University of Wisconsin, Mr. H. S. Pollard. 

Professor August Gutzmer, of the University of Halle, died May 10, 
1924, at the age of sixty-four. He had been on the editorial staff of 
the Jahresbericht der Deutschen Mathematiker-Vereinigung since 1894, 
and was sole editor from 1901 to 1921. 

Lucien de la Rive, the Swiss mathematical physicist, died at Geneva 
May 4, 1924, at the age of ninety years. 

Professor T. Kotof, of the University of Charkow, died in 1923, at 
the age of twenty-eight years. 

Professor R. H. Jude, of Rutherford College, Newcastle-on-Tyne. 
died June 1, 1924, at the age of seventy. 

Mr. Charles Leudesdorf, registrar of Oxford University and author of 
mathematical papers, died August 10, 1924, at the age of seventy-one. 

Professor J. G. Longbottom, of the department of mechanics at the 
Royal Technical College, Glasgow, died June 6, 1924, at the age of 
fifty-four. 
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NEW PUBLICATIONS 
PART I. PURE MATHEMATICS 


ABSALONNE (A.). Cours de trigonométrie rectiligne et sphérique. Namur, 
Berhin, 1923. 183 pp. 

Bricarp (R.). Petit traité de perspective. Paris, Vuibert, 1924. 
87 pp. 

CRELLE (A. L.). Rechentafeln. Neue Ausgabe besorgt von 0. Seeliger. 
Berlin, de Gruyter, 1923. 7-+501 pp. 

Crone (C.). Matematisk Forening gennem 50 Aar. Kebenhavn, Gjellerup, 
1923. 91 pp. 

DescHarMes (R.). Bibliographie des travaux scientifiques (sciences 
mathématiques, physiques et naturelles) publiée par les sociétés 
savantes de la France. Dressée sous les auspices du Ministére de 
l'Instruction publique, 1922. 4to. 7-+235 pp. 

EncGet (F.). See Lre (S.). 

Fuerter (R.). Vorlesungen iiber die singularen Moduln und die komplexe 
Multiplikation der elliptischen Funktionen. Teil 1. Leipzig, 
Teubner, 1924. 8-+ 142 pp. 

HALPHEN (G.H.). Oeuvres. Tome IV. Paris, Gauthier-Villars, 1924. 
5+ 660 pp. 

Kraitcaik (M.). Recherches sur la théorie des nombres. Paris, 
Gauthier-Villars, 1924. 16-272 pp. 

Lamoucue (A.). La méthode générale des sciences pures et appliquées. 
Paris, Gauthier-Villars, 1924. 298 pp. 

Lie (S.). Gesammelte Abhandlungen. Band 5: Abhandlungen iiber die 
Theorie der Transformationsgruppen. Abteilung 1, herausgegeben 
von F. Engel. Leipzig, Teubner, und Kristiania, Aschehoug, 1924. 
12+-776 pp. 

Lovitr (W.V.). Linear integral equations. New York, McGraw-Hill, 
1924. 14-4253 pp. 

Motony (B.C.). An elementary course of analytical geometry. London, 
Bell, 1924. 8+167-+16 pp. 

(J. F.). Sée (B.). 

Rorue (H.). Einfiihrung in die Tensorrechnung. Wien, Seidel, 1924. 
4+179 pp. 

RussEtt (B.). Les problémes de la philosophie. Traduit de J. F. Renauld. 
Paris, Alcan, 1923. 6-+-176 pp. 

(0.). See Creze (A. L.). 
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PART II. APPLIED MATHEMATICS. 


AcHALME (D.). Les édifices physico-chimiques. Tome III: La molécule 
minérale. Paris, Payot, 1924. 350 pp. 

vAN ARKEL (P.C.). Bijdrage tot de toepassing van de waarschijnlijk- 
heidsrekening in de natuurkunde. (Dissertation, Utrecht.) Utrecht, 
van Druten, 1922. 80 pp. 


Butrcensacu (H.). Notions élémentaires de cristallographie géo- 
métrique et optique de minéralogie et de pétrographie. Liége, 
Vaillant-Carmanne, 1922. 100 pp. 

CampBELL (N.R.). Théorie quantique des spectres. La relativité. 
Traduit de l’anglais par A. Corvisy. Paris, Hermann, 1924. 237 pp. 

CuotsnaRp (P.). Les probabilités en science d'observation. Paris, 
Alcan, 1923. 4+ 168 pp. 

Corvisy (A.). See Camppect (N. R.). 

Courant (R.) und Hireeert (D.). Methoden der mathematischen Physik. 
Band I. (Die Grundlehren der mathematischen Wissenschaften, 
Band XII.) Berlin, Springer, 1924. 14-+-450 pp. 

Dovstet (E.). Histoire de l’astronomie. Paris, Doin, 1923. 550 pp. 
Ecerer (H.). Ingenieur-Mechanik. Band I: Graphische Statik starrer 
Kérper. Manualdruck. Berlin, Springer, 1924. 8+ 380 pp. 
Forry (A.) und Féprr (L.). Drang und Zwang. 2te Auflage. Band I. 

Miinchen und Berlin, Oldenbourg, 1924. 11-4359 pp. 

(L.). See Férpr (A.). 

ForsytxH (C.). An introduction to the mathematical analysis of 
statistics. New York, Wiley, 1924. 8+ 241 pp. $2.25 

Graetz (L.). Der Aether und die Relativitaétstheorie. Stuttgart, 
Engelhorn, 1923. 6+ 80 pp. 

—— Le nuove teorie atomiche e la costituzione della materia. 
Prima traduzione italiana da C. Rossi. Milano, Hoepli, 1924. 264 pp. 

Haun (K.). Mathematische Physik. Ausgewahlte Abschnitte und 
Aufgaben aus der theoretischen Physik. Leipzig, Teubner, 1924. 

(D.). See Courant (R.). 

JEFFREYS (H.). The earth. Its origin, history and physical constitution. 
Cambridge, University Press, 1924. 12+278 pp. 

JouGcuetT (E.). Lectures de mécanique. La mécanique enseignée par 


les auteurs originaux. 2 volumes. Paris, Gauthier-Villars, 1924. 
8 + 206 + 8+ 284 pp. 
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von KArMAn (T.) und Levi-Crvira (T.). Hydro- und Aerodynamik. 
Berlin, Springer, 1924. 4-+ 251 pp. 

Kearton (W.J.) and Woop (G.). Alignment charts for engineers 
and students. A text-book explaining the theory and construction 
of alignment charts. London, Griffin, 1924. 8-+ 220 pp. 

KENNELLY (A. E.). Electrical vibration instruments. An elementary 
textbook on the behavior and tests of telephone receivers, oscillo- 
graphers, and vibration galvanometers. New York, Macmillan, 1923. 
10 + 450 pp. 

von LAvE (M.). La théorie de la relativité. Tome 1: Le principe de 
relativité et la transformation de Lorentz. Traduit d’aprés la 
4e édition allemande par G. Letang. Paris, Gauthier-Villars, 1924. 
16 + 332 pp. 

Lea (F. C.). Hydraulics for engineers and engineering students. 
4th edition. London, E. Arnold, 1923. 8vo. 606 pp. 

Letane (G.). See von (M.). 

Levi-Crvita (T.). See von KArMAN (T.). 

LopceE (0.). Atoms and rays. An introduction to modern views on 
atomic structure and radiation. London, Benn, 1924. 208 pp. 
Loewy (A.). Versicherungsmathematik. 4te neubearbeitete und durch 
Hinzunahme der Invalidenversicherung erweiterte Auflage. Berlin, 

Springer, 1924. 6-+ 224 pp. 

Lorra (G.). Complementi di geometria descrittiva. Visibilita, ombre, 
chiaroscuro, prospettiva lineare. Milano, Hoepli, 1924. 12-+-192 pp. 

MarcotonGo (R.). Meccanica razionale. 3a edizione. 2 volumi. Milano, 
Hoepli, 1923. 15+ 325+ 12+ 414 pp. 

Marcus (H.). Die Theorie elastischer Gewebe und ihre Anwendung 
auf die Berechnung biegsamer Platten. Unter besonderer Beriick- 
sichtigung trigerloser Pilzdecken. Berlin, Springer, 1924. 8-+-368 pp. 

MieRZEJEWSEI (H.). Metrologja techniczna. Lwow, Ksaiznica-Atlas, 
1924. 7-+ 206 pp. 

Moyer (J. A.) and others. Elements of engineering thermodynamics. 
2d edition. London, Chapman and Hall, 1924. 224 pp. 

Murakami (H.). On the hydrodynamic group-waves and the flux of 
the wave-energy. Tokyo, Irie, 1923. 34 pp. 

Petiret (A.). See Rousseet (L.). 

Petrovitcu (M.). Durées physiques indépendantes des dimensions 
spatiales. Paris, Blanchard, 1924. 28 pp. 

Pra (J.). Untersuchungen iiber die Tektonik der Lessinischen Alpen 
und iiber die Verwendung statistischen Methoden in der Tektonik. 
Teil1. Leipzig und Wien, Deuticke, 1923. 229 pp. 
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Prernet (E.). Theorie générale sur les courants alternatifs. Paris, 
Gauthier-Villars, 1924. 100 pp. 

DE Pistoye (H.). Etude mécanique et usinage des machines électriques. 
Paris, Bailliére, 1924. 802 pp. 

Prosst (E.). Vorlesungen iiber Eisenbeton. Band 1. 2te umgearbeitete 
Auflage. Berlin, Springer, 1923. 11-+ 620 pp. 

Rovussetet (L.) et Petirrer (A.). Déformations des constructions 
usuelles. Paris, Dunod, 1924. 8-+ 290 pp. 

Rrerz (H. L.) and others. Handbook of mathematical statistics. Pre- 
pared under the auspices of the National Research Council. Boston, 
Houghton-Mifflin, 1924. 8+ 221 pp. $4.00 

Romort-VenturI (D.). Elettrotermia. Trattato teorico-pratico. Milano, 
Hoepli, 1924. 11-+ 300 pp. 

Rosst (C.). See Graerz (L.). 

ScuMIeDEL (K.). Die Prifung der Elektrizitaétszihler, Messeinrich- 
tungen, Messmethoden und Schaltungen. 2te, vermehrte und ver- 
besserte Auflage. Berlin, Springer, 1924. 160 pp. 

ScuoxuitscH (A.). Graphische Hydraulik. Leipzig, Teubner, 1923. 

ScHwerkert (G.). Innere Ballistik. Leipzig, Barth, 1923. 107 pp. 


Souteyre (A.). Les oscillations océaniques et les oscillations cli- 
matiques dans le passé et dans le présent. Le rythme de contraction 
du soleil. Bone, Imprimerie Emile Thomas, 1922. 19-+-389 pp. 

Srérmer (C.). Fra verdensrummets dybder til atomernes indre. Kri- 
stiania, Gyldendalske Bokhandel, 1923. 152 pp. 

Swinprn (N.). Modern theory and practice of pumping. A treatise 
on the application of the Reynolds-Stanton law of viscous flow to 
modern pumping problems and the flow of liquids through pipes. 
London, Benn, 1924. 364 pp. 

Tatxievist (H.). Energi och entropi. Stockholm, Natur und Kultur, 
1923. 160 pp. 

Westin (0. E.). Mechanical questions. Stockholm, Norstedt & Séner, 
1922. 5+59 pp. 

Wirz (A.). Traité théorique et pratique des moteurs 4 gaz, 4 essence 
et & pétrole. 5e édition. 2 volumes. Paris, A. Michel, 1923. 
1300 pp. 

Woop (G.). See Keartron (W. J.). 

ZeNNECX (J.). Elektronen- und Ionen-Stréme. Berlin, Springer, 1923. 
4+48 pp. 
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